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ABSTRACT 
The papers in this collection are those written by the author which 
have appeared in the open literature. The particular field of research is 
generally known as Applied Mechanics. Stress wave propagation in solids and 
the dynamics of structures and mechanisms are the main areas of interest. 
Dynamic foundation problems are discussed by treating the ground as an 
elastic halfspace. Such problems are encountered in machine foundation vi-
bration and in the placement of geophones. 
A relatively simple method is used to evaluate the motion of the surface 
of an elastic halfspace due to an underground explosion. This method develops 
the transient case from the steady state case by means of a generalized Four-
ier transform. Such an approach permits the use of known integrals and obvi-
ates the direct evaluation of a double infinite integral. Surface and internal 
displacements in an elastic halfspace due to arbitrary surface loadings may be 
similarly determined by this method. 
Earthquake effects on structures have been studied using various analog 
computer techniques. The major difficulty in designing structures against 
earthquakes is the lack of records of major earthquakes. The maximum stresses 
experienced by a structure are a function of the structure itself as well as 
the wave shape and intensity of the earthquake. The wave shape of earthquake 
ground motion is a complex function of the path between the source and the 
location in question. It is suggested that earthquake ground motion be made 
a random function and that discrete bursts of "white noise" be used as a first 
description of the motion. The intensity of the earthquake is then measured 
11 
by the power spectral density of the noise. It is shown that if typical 
structures behaved in a linear fashion they could not survive. It is sug-
gested that the reason they do survive is because of the energy dissipation 
resulting from small yielding and cracking of the structure. 
Perturbation procedures for evaluating the transient response of multi-
degree of freedom non-linear oscillators are discussed. An investigation of 
a type of impacting oscillator which it has been suggested may be relevant to 
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FORCED VIBRATIONS OF A RIGID CIRCULAR PLATE ON A SEMI-
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The impedance of a rigid circular 'plate attached to the free surface of a semi-infinite elastic space 
or an elastic stratum is determined for its four degrees of freedom. The solution of the dual integral 
equations arising from this mixed boundary-value problem is avoided by reference to Rayleigh's. 
reciprocal theorem. This enables the functions of frequency, which determine the in-phase and 
out-of-phase components of displacement of the plate, to be located between two close hounds' 
and lying much closer to one than to the other. These bounds appear as infinite integrals involving 
branch functions and are reduced to tractable finite integrals by integration in the complex plane.' 
Dissipation of waves to infinity produces an effective damping, and the added effect of the in-
clusion of true damping in the medium is discussed. 
It is to be expected, of course, that the unloaded rigid plate attached to the free surface of a 
semi-infinite elastic space does not resonate. The change of impedance of the plate with frequency 
is found to be similar for the two translations and also similar for the two rotations. Resonance 
occurs in the case of vertical and horizontal translation of the plate attached to the surface of an 
elastic stratum. However, it does not exist for rotations of the plate on the stratum. Instead, a 
maximum in the response appears, this maximum being more defined the greater the ratio of 
plate diameter to stratum depth. The addition of small true damping in the medium changes the 
characteristics very little. 
Experimental work substantiating these theoretical results, together with a general discussion 
of the results and their applications in geophysics and engineering, is being published shortly. 
1. INTRODUCTION 
Analytical approaches follow from the fundamental work of Lamb (1904) On the pro-
pagation of elastic waves. Of the eight cases treated in this paper, two have been considered 
before. Reissner (1936) considered the case of the harmonically forced vertical translation 
of a rigid circular plate attached to an elastic half-space but used greatly simplified 
boundary conditions and his results are of qualitative interest only. In a further paper 
Reissner (1937) considered the torsional oscillations of an elastic half-space but again 
simplified the boundary conditions. However, Reissner & Sagoci (1944)  considered this 
latter problem again, using a system of oblate spheroidal co-ordinates and producing a full 
solution. Unfortunately, this method is inapplicable to the other cases. Marguerre (14) 
treats wave propagation in elastic strata but not the special sources required in this work. 
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Although circular bases only have been treated the results will be at least qualitatively 
true for other base shapes. 
The analysis is mainly concerned with the determination of two functions of frequency 
calledf1 andj'2  being effectively the in-phase and our-of-phase components of displacement 
of the unloaded plate. The effect of loading the plate by the addition of mass or moment of 
inertia follows simply from these two functions. The adoption of certain dimensionless 
variables decreases the number of parameters and the following notation is convenient. 
NOTATION 
A,p = Lamé's elastic constants of the medium. 
p = density of the medium. 
p = angular velocity of impressed force or couple on the plates 
( 4" —h 2 	_k2 	- If_ 	— r 
(A+2) 	' - '. kAI\A+2u - 
r0 = radius of plate. 
8 depth of stratum. 
61r0 = R. 
u, v, w are displacements of a point r, 0, z in these co-ordinate directions. 
U, V, Ware displacements of the centre of the plate in the respective directions. 
q = angle of rotation of the plate. 
P = amplitude of the exciting force. 
M = amplitude of the exciting couple. 
kr0 = a0, kr = a, k8 = y. 
f1, f2 are functions of a0 and r and are such that the translation or rotation of the 
unloaded plate may be given by the real part of 
Pe1 ' 	 Me'P' 
U,.Vor W = 	(f1 +if2) or = 	(f1 +if2), wheref1 andf'2 are different for .pr0 pr0 
each mode; the real part is implied in the following analysis. 
m0 = mass attached to the plate. 
J = moment of inertia of mass. 
A = amplitude of vibration of plate. 
L = average power input. 
= phase angle between exciting force and the resulting displacement. 
b=, b'=-.  pr0 
It is easy to show that the following relations hold for the cases of translation when 
the plate is loaded with a mass: 
p22" tang- ' ' 	y' f1+ba(f?+.fj)' 
23 A---- I 	 1 ' ' 	pr4 1(1+bafj)2+(b4f2)2J' 	- 
p24" L— 	
2 j 
	a0f2 ' ' 	- 2rJ(pp)l(1+b4f1)2+(bajf2)2 
-. 	P M 
When considering rotation replace - by - and b by b. pro 	1ur0 - 
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2. SOLUTIONS OF THE ELASTIC WAVE EQUATIONS 
The equations of motion of a linear elastic medium, in cylindrical co-ordinates, may 
be expressed by the following equations. The notation is that of Love: 
iJ 2u OL 	2p dm  
• 	 D 2v 
p-1 = 




)+ 2# dZUr (A+2u)----(rw 	- dz rdO' rdr 
 
- 1d(ru) 	1 d 	dw  
- r 	or 
21=----, 






1 ~d(rv) 	dul 
or - 
(6) 
It has been shown by Sezawa (1929) that ii, v, w are particular solutions of the above 
eauations. where 
U = U1+U2+U3, V = V1+V2+V3, W = W1+W2+W3, 
cos. 
A m 
1 0 H2(xr) etzPt .  MO,  • 	 = 
- 	 m 
v 1 
 — A m H(xr) 
e'' 	MO, 
- /1 	r 	—cos 
= AmH)(XT) e_+jpCOSmO, sin 	- 
- B m H(xr) epptC.?SmO, 
• 	
- m2 	r 	sin 
Sin 
B 
1 0 H 2 (xr) 	 MO,  = 
- m 	m 	
- cos 
w2 -0, 
U3 — c 	
cos 
H 2 (xr) e_fiz4iPl . mO, 
 	 m sn 
C H(xr) 	
sin 
MO, V3 	rnk2 	r —cos 
W a = -c 	_H(2)(xr) e_flz 1 cos MO, 	 (16) • 	 m. _ /2 m 	 sin 
a=+(x2 _h2) 4, fl=+(x2—k2). 	 (17) 
n, x are arbitrary parameters, A m , B m Cm  are arbitrary constants with respect to r,z, 0, t, 
and may be taken as functions of x, 
H(xr).=Jm (xr)—iY m (xr), 	 (18) 
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It will be shown that combinations of these three solutions may be made to fit the various 
boundary conditions considered in this paper. In general, the method will be to integrate 
the above solutions with respect to the arbitrary parameter x, thus obtaining a more 
generalized solution, and, by using the Fourier—Bessel integral theorem, choose the func-
tions il,,1 (x), B(x), C(x) to satisfy the various boundary conditions. The resulting infinite 
integral, however, must be further examined in order to determine its significant value. 
This is the method adopted by Lamb (1904). It is straightforward, but perhaps not as 
elegant as a Hankel transform approach would be. This latter method could certainly 
be used for rotationally symmetric cases, i.e. m = 0, as it is possible in these cases to express 
the displacement as derivatives of two potentials 'I' and X which satisfy 
(VI +h2) W = 0, (V2 +k2) X = 0} 	
(19) 
V2 = ô
2 1 	ê2 
• When m + 0 it is not clear whether a Hankel transform of the equations would provide 
a readily available result. 
The notation relating to stresses is that used by Love, and the following well-known 




-. 	 2=AL+2p, 
dw 




• IOU 	V 	lOu\ 
The values of A m (X), Bm (X), Cm (X), necessary to satisfy the boundary conditions of the 
various cases, are considered under four separate headings corresponding to the four degrees 
of freedom of the plate. Some general remarks may be made here regarding the three 
solutions. Only the Jm(XT) part of the Hankel function is needed. For axial symmetry 
m = 0 and for rotation about a horizontal axis or translation in a horizontal plane m = 1. 
For motion of the plate on a semi-infinite space the solutions containing the factors, 
exp (—az), exp (—ft), indicating no boundary at a great depth, are used. However, for 
motion of the plate on an elastic stratum, it is necessary to compound these three solutions 
with the corresponding ones involving exp (az), exp 
• 	 The following results are needed often in the theory. 
(20) 
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(a) Dual integral equations 
Busbridge (1938) has shown that the solution of the pair of.integral equations 
f0' y-f(y)J., (sy)dy =g(s)  (0s1), 	 (21) 
5 	(s>i), 	 (22) 
where g(s) is given andf(y) is to be found, is given by 
1•1 	 - 2x 
f(x) 
= T(i + a) 




1 	 1 
+ I u1(1_u2)*zd u  g(yu) (xy) 2 Ji'+ 1 + (xy) dy], 	(23) 
.1  
valid for a >-2 or(—v--1)<(—}) <(v+1). The functiong(y) must be integrable over 
the interval (0, 1). 
(b) Sonine'sfirstfinite integral 
Z' 1T 
= 2F(v + 1) So .J(z sin 0) sin'' 0 cos' OdO, 	 (24) 
where both . (,u) and M(P) exceed —1. 
(c) Hankel functions 
The following properties of Hankel functions are used in the analysis, the notation being 
that of Watson (1944): 	H"(x) =J(x)+i1ç(x), 
H (x) =J(x)—i (x), 
and when x becomes large 	H'(x) (--) ei(k'), 
(26) 
H. 	(-_' e' 41". 
\1T x/ 
The factor elPHl)(x) represents a wave progressing towards the origin and e 1P'H 2 (x) 
a wave progressing from the origin: 
H,"(—x)=—H 2) (x), 
H1"(—x) = H(2)(x)J 	
(27) 
(d) Fourier—Bessel integral expansion 
The following expansion is true if n - 
f(x) = fo' J. (tx) t {5' ..(tx') x' dx'} dt. 	 (28) 
(e) Contour integration with branch-points 
Infinite integrals involving the branch points a= + (x2—h2), fi = ± (x 2 —k)I, occur 
repeatedly in the following analysis. It is desirable to integrate these integrals around an 
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infinite semicircle in the upper half-plane and along the horizontal axis (figure 1). By 
staying on one branch of the above branch functions it follows that integrands containing 
these functions may be integrated around this contour if the sign of the radical is changed 
to the left of the branch-points —h or —k. 
FIGURE 1. The signs to be given to the radicals a and /1. 
3. VERTICAL TRANSLATION 
Semi-infinite elastic space. 
When the light rigid circular plate is attached to the free surface of an elastic half-space 
and excited by a symmetrical vertical force a solution may be obtained from the particular 
solutions given by equations (8 to 10) and (14 to 16). 
The motion is rotationally symmetric, i.e. m = 0, v = 0, and the other displaceiients 
follow as 	 e- 	-[Ax 	 Cfixe 
U 
= 	h2 -. k2 ]J
i (xr) 	 (29) 
rA e-z CX2C_flZ]J() 
e 1 '. 	 (30) 
h2 -. 
(a) Static displacement ofplate 
First, the static displacement of the plate is considered. This, of course, is the well-known 
Boussinesq problem and is solved here using the dual integral equations already mentioned. 
If the two arbitrary functions A(x) and C(x) are to be retained the static solutions must be 
derived from the dynamic ones as follows. Let the frequency tend to zero, i.e. ii, k tend to 
zero, and expand to the first order in h, Ic: 
rAX / 	h2z' Cx2 1 	k2 k 2z' -1 
L ' 1 - 	+j)J eJ1 (xr), 	 (31) 
rAx / 	h2 h2 z' Cx 2 / k 2z\ i (32) 
2x P 
Ax 	2_ 2x2\ 
If these are rearranged and 	 2k2 / = A
1 , 	 (33) 
A—Cx 	h2 
2 =B
1 , 	 (34) .  
then 	 u = (A 1 +B1 z) eJ1 (xr), 	 (35) 
rA BI(r2+l)+Bz]e_xzJ(). 	- 	( 36) . W L 1x(r2_1) 
Ji 
4 
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From these displacements and the relations quoted between displacement and stress i 
follows that the normal and tangential stresses on the free surface, z = 0, are given by 
ir' = 2# B,  T
2 _ 
A. x] e—z J. (xr) 
1(T2 . 	 (37 
=2p[2'1)_AIx]exzJ0(xr) 	
(38) 
Using this method it is necessary to assume that the shear stress everywhere on the free 
surface vanishes. This means that horizontal movement can exist under the plate. However, 
it is indicated later that prevention of this movement by friction will cause little change in 
the vertical deflexion. Put = 0 and A 2 (x) = A 1 (x)/r2 and then 
w=A2(x)J0(xr), 	 (39) 
2=2pA2(x)x(r2_1)J0(xr). 	 (40) 
These solutions are generalized by integrating from 0 to co with respect to the arbitrary 
parameter x and then, if d is the vertical displacement of the plate and r0 is its radius, A (x) 
is to be chosen so as to satisfy the remaining two boundary conditions given by 
w=f.'   A(x)J 0(xr)dx=a' (rr0), 
fZ' = 2p(r2—i) fo  A(x)xJ 0(xr)clx= 0 (r>r0). 
P4- 	 r - 
.LU. —=s, xr0 =y, 
ro 
and the equations become a particular case of the dual integral equations (21) and (22), 
already quoted when a = —1, p = 0, g(s) = dr0, i.e. 
fo F(y) Jo(sy) dy d ro (si), 
fo' F(y) yJ0 (sy) dy 0 (s>]). 	 (45) 
The solution of these two equations is 
F(y) 
= 2dr0 sin Y 
11 Y 	 (46) 
The normal stress under the plate is now given by 
• 4p(i2 - 1) dr0 f sin gJ0 (sy) dy zz— 	 0 
4p(r2 -1)d 
(Watson 1944, p. 405). 	 (47) - irr0 (1—s 2) 
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If the normal stress is integrated over the circle r r0, the vertical force P necessary to 
depress the plate d is found to be 
P = 8pd(r2 — 1) r0 
2r0 dE 
- (i- 2)' 
the well-known Boussinesq deflexion. 




co sin yJ1 (sy) dy 
=- 
iT  
- 	 2dr2s (Watson, p.  405). 
- ir[1+(1_s2)] 
At the centre, s = 0, the movement is zero increasing to 2d7-2/ir at the periphery s = 1. 
Incompressibility of the medium, denoted by Poisson's ratio v or r2 = 0, means no 
horizontal movement under the frictionless plate. 
Physically, the stretching of the surface due to the depression under the plate is exactly 
balanced by the increase in area caused by the Poisson ratio effect. The maximum hori-
zontal movement occurs when v = 0, i.e. r2 = and s 1 and then u = d/JT. If this 
horizontal movement was restrained it is unlikely that its effect on the vertical motion 
would be greater than d/4ir2 d140. This effect is neglected in what follows. 
(b) Dynamic displacement of plate 
From equations (20), (29) and (30), the relevant dynamic displacements and stresses are 
	
U 
FA (x) x 	C(x)flxe_ fi  L 	h2 k2 	
z]J1(xr) e 1 ', 	 (50) = 
-  
W 
FA (x) ce 	C(x) X2  e 
L 	h2 k2 
fl2]J( 
) eiP, 	 (51) 
-  
rA(x) (k2-2x2) e+C(x) 2flx 2 e_fi  
h2 	
u]JO(XT) e'', 	 (52) 
r A(x) 2xcie c(x) x(k 2 -2x2) e ]J( ) e'P'. 	 (53) 
h2 	- 	k2 
(i) Free vibrations. Rayleigh waves. These are found by equating the surface stresses 
= 2? = 0 when z = 0, yielding the following well-known frequency equation determined 
by Rayleigh: 	
f(x) = (x2_ IV) 2 _x2 (x2 _h2) 3  (x2_k2) = 0. 	 (54) 
This equation has the following real roots 
V = , 72- 0 x = 104678k, 
• 	v=, r21 x1==(3+.J3)1/c, 	 (55) 
v = 0, r2 = , x 1 = (3+.J5)k. 
If 	 c=x—h2, fi?=x—k2, 	 (56) 
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the free waves are given by 
u0 = D eP' [ — x1(x - k 2 ) C1z + a1 fl 1 x1 e_P12]J1(x1  r), 	 (57) 
to0  = De'P'[__.c1(x_k2) e_ z +ix?e_P1z]Jo(xir), 	 (58) 
-where D is an arbitrary constant. When z = 0 these free wave displacements are 
UO = — D 1 x 1 (2x—k 2 -2z 1 fl 1 )J1 (x 1 r)e'P', 	 (59) 
	
w0 = D1 k 2ct 1J0 (x 1 r) e' 1'1 . 	 ( 60) 
(ii) Forced vibrations. Generalize the solutions (50) to (53) by integrating with respect to 
x from 0 to co and f 0D rA(X) xe_u  C(x)flxeflnlJ(XT) dx, 	(61) u=e'P'0 L 	h2 	- - k 2 	J 
w=e'' rA(X) 
C(x) xefi 
L 	h2 	 k2 	
flj(XT) dx, 	 (62) - 	J 
= peiptfCO [A (x) (1c2-2x2) e+C(x) 22]J0(xr) dx, 	 (63) 
 h 	 k2 
Zr = /4 e'P f L E—A(x) 2xxe C(x) x(k 2 -2x 2 ) C fi21J( ) dx. 	(64) h2 	 k2 
Stresses and displacements elsewhere than the free surface, z = 0, are not required in--
this problem, and in what follows only these latter displacements are considered. If the 
other displacements are required they follow from the values of A(x) and C(x), determined 
later, together with equations (61) to (64). 
As already mentioned in the static case, it greatly simplifies the results if it is assumed that 
2? = 0, z = 0, i.e. the plate is frictionless, allowing horizontal sliding to take place under-
neathit. Put 2?=O,z=Oand 
- 	 C(x) = h2 (k 2 2 2 ) 	 . 	 ( 65) 
and then 	u(r, 0) = eiif 
A(x) x(k 2 -2x2 +2fl) J1 (xr) dx 
o 	h2 (/c2 -2x2) 	, 	
( 66) 
w(r, 0) = 
ipt j  C IO  A(x)  xk 2J(xr) dx 
o 	h2(k2-2x2) , 
	 ( 67) 
2(r, 0) = 
peiPf 4A(x) [(x 2 —k 2) 2 —aflx 2] J0 (xr) dx 
h2(1c2-2x2) 	
(68) 
It is required that to (r, 0) = d, r( r0 and 2 = 0, r> r0, but these two dual integral equations 
determining A(x) do not have an easy solution. It may be shown that the solution can be 
approximated to as closely as desired but the computation necessary is prohibitive. Reissner 
evaded these mixed boundaries by assuming a constant normal stress over .0 < r < r0 and 
taking the displacement of the rigid plate as the displacement at the centre of the circle. 
This is a very crude approximation to a rigid plate and makes the value of the functions 
much too high. A very close approximation can be made in the following fashion. Assume 
that the normal stress is that of the static case which can be solved exactly. Then, at low 
frequencies, with this stress distribution, the displacement w(r, 0) (rr0), will be - sub-
stantially constant as required. 
42 	 . 	 . 	. 	 VOL. 248. A. 
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As the frequency increases w(r,0) (rr0), will become a function of r. Physically, rr0 
now bridges a greater part of the wavelength of the waves being propagated outwards. 
Under a rigid plate the pressure distribution changes with frequency. It will he shown later 
that by taking a particular average of w(r, 0) over rr0 it is possible to specify the deflexion 
of a rigid plate between two close bounds. For the minute, the problem of the displace-
ments when the stress 2 over rr0  is that of the static case, is considered, i.e. put 
Pe11 
(rr), 
= 0 (r>r0). 	 (69) 
Express 	by the Fourier—Bessel integral (equation (28)) 
ropciPtJ(x ) d f 0 
 J
0 (xr) x{J'0 21rro(r_y2)J dx. 	 ' 	(70) 
The integral inside the brackets may be evaluated by putting y = r0 sin 0 and noticing that 
it is then the special case of Sonine's first finite integral when p = O, z = xr0 , i' = 
	
Then 	 ' ' 	;  fJ(xy) ydy  sin (xr0) 	 71
0 
(r02 —y2)T - 	x 
Comparison'of equation (68) with equation (70) will show that all the conditions will be 
satisfied if. - Psin (xr0) 2 h(/c2  —2x2) 
A"x) 	81nrr0f(x) 	
- 72 
- 	 ' 	 - 
where 	' 	 , f(x) = (x 2 —k 2 ) 2 -- x2cfl, 
—P e 1 ' " x(2x 2 k 2 -2fl) sin (xT ) J (xr) dx 
and 'then 	u(r, 0) = 
	j 	
0 1 	, 	 ( 73) 
8piTr0 0 f(x) 
Pe''t f O k 2  sin (xr0) J(xr) dx 
W(T,O) — 	 . 	 74 
• 	 8pirr0 J 0 	f(x) 
Following Lamb, we investigate these integrals in order to determine their relevant value. 
This uncertainty arises from the fact that f(x) has a real root in the range of integration, 
this root corresponding to the free waves already discussed. All the boundary conditions 
are satisfied except the radial boundary at infinity. There are to be no refiexions from in-
finity, and the above integrals are now exhibited in a form in which the nature of the waves 
at a large radius may be examined. 
•Put 	 J(Xr) = 
and equations (73) and (74) become 
- 	 • 	
- —Pe'' 	x(2x 2 —k 2 -2fl) sin (xr0) H"(xr) dx 
ur, - 	 , 	 7o 16pirr 0 j_ f(x) 
f 0) 	
Pe1' ç 	k 2 sin (xr0) H'(xr) dx 	 76 wr, 
- 16p1Tr0 i_, f(x) 	
• 
Integrate these around a semi-infinite circle in the upper half-plane, changing the signs 
of a and ft to make the integrand analytic as indicated previously. It can be easily shown 
that if rr0  then the integral vanishes around the infinite semicircle. Now h </c<x1 always, 
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and if the signs ofz 1  and /?i at the pole x = —x 1 are changed, the sum of the two residues at 
±x 1 for w(r, 0) follows as 
z k 2 sin (x 1 r0) H'(x 1 r) k2 1 sin (x 1 r0) L42) (x 1 r) 
fl(x1) 	-  
= 2 1 k 2 sin(x 1 r0) J0(x1r). 
where f'(x) = 
df(x) 	
(77) 
The displacement w(r, 0) now assumes the form 
•  
w(r,0) = 
Pe'P' [21rik2 i sin (x 1 r0) J0(x1r) 
+2f-k2 
 sin (xr0 ) H(xr) dx _______________ 
l61uirr0 	fl(x1) 	 k 	 f(x) 
+2 fh
2 (x2 —.k2) 2 sin (xr0) H4 ,2 (xr) dxl 
	
 f(x)F(x) 	j 	
(78) 
where 	 F(x) = (x2 --k 2) 2 +x2afi. 	 (79) 
Also 	ur, 0 - 
_P&Pi_2ijx1(2x_k2—x1flj) sin  (x1r0)Y1(x1r) 
- 16pirr L 	 fl(x 1 ) 
+ ( 
2 flx(2x 2 —k 2 ) sin (xr0) H 2 (xr) dx 	
80 
• 	 Jh 	 f(x)F(x) 
Because of the contour integration the Cauchy principal value of the integrals in (78) and 
(80) is implied. A consideration of the three integrals occurring in (78) and (80) will show 
that because (xr) is positive in the ranges of integration and because of the factors H(xr), 
• the integrals are sums of waves diverging from the origin. 
However, the first terms in u and w represent standing waves. Now it is to be noticed 
that if to these solutions the free waves u0)  w0 , equations (59) and (60), are added, then none 
of the boundary conditions already satisfied are violated in any way, and the result is still 
a solution. Further, by choosing the amplitude of the waves u0 and w0 correctly, it is possible 
to convert the standing wave part in above expressions into a travelling wave and so satisfy 
the radial boundary at infinity. 
In (59) and (60) put 	• 	_-J2j sin (x 1 r0) 
= 1 6pirr0f'(x1) 	 (81) 
d 	
PC 1 P' 21Ti sin (x 1 r0) x 1 (2x—k 2 -2x 1 fl 1 ) J1 (x 1 r) an 
- 
- 	
82 16,uirr0f'(x1) 	 ' 	 ( 
WO - 
- — Pe'P' 2iri sin (x 1 r0) k2c 1 J(x1 r) 	
83  1 6/.nrr0f' (x1 ) 
Addition of these to (78) and (80) cancels the standing wave part of w(r, 0) and changes 
that of u (r, 0) to a term containing i [J1 (xr) - iY (xr)] = iH 2 (xr), i.e. a diverging wave. All 
the boundary conditions are now satisfied and the final displacements are given by 
- _PeiPf c0 x (2x2_k2_2 c fl) sin (xr0) J1 (xr) dx u(r, 0) 	
8,wrr0 	 f(x) 
• 	 +t251XiTo) x, (2X
2 J1(x1r) 	
(84) 16u1Tr0f'(x 1 ) 
• 	Pe''roo,.J2 sjn (xr ) J0 (xr) dx PeP'2irisin (x 1 r0) k 2c 1 J0 (x 1 r) w(r,0) 
f(x) 	• - 	l6pirr0f'(x1) 	 (85) 
42-2 
338 	 G. N. BYCROFT ON THE 
where the Cauchy principal values of the integrals are now understood. It is convenient 
to change the parameter x and to introduce the following non-dimensional variables: 
	
x = kO, a = kr, a0 = kr0, h/k = r, x 1 = M 1 ; 	 ( 86) 
then 
Pc 11"  f,-(O2 _r2 ) s 	J 	 (0?_r2)J
w(r,0) = 	
n (a0 ) 0(a) 	 ( 01 ) 	 0(aO,) (87) 
8plTr0 
 
 f(0) 	 161nrr0f'(0 1 ) 
2_ 1 and 	 f(0) = (0 •2) 2 _02(O2_T2)(O 2 _1)*. 
This is the solution of the vertical surface displacement in a homogeneous elastic medium 
when excited by a vertical stress distribution over the area 0 r ( r0 , equal to the static 
stress distribution of a rigid circular plate. At low frequencies w (r, 0) (r r0), will be approxi-
mately constant, but as the frequency increases it will become curved. w(r, 0) is now 
examined in order to estimate the displacement of a rigid plate. This displacement will 
obviously correspond to some form of average of w(r, 0) over r < r0 . 
Put 	 Pe'1" 
w(r,0) = 	[F,(a,a0,r)+iF2 (a,a0,r)]. 	 (88) 
"To 
F1 and F2 are the real and imaginary parts of equation (87). The amplitude of the vibration 
at any radius is given by 
A(r, 0) = - (F?+F. 	 (89) 
Pro 
It is shown later that, in the range of a0 relevant to the problem, I F1 I and I F 1 , as functions 
of a or r)  havea negative gradient when T(T0 , Le. in this range I F1 I and I F2 1 are greatest 
at the centre'and smallest at r = r0 . Now j'1 (a0 , r) and f2 (a0 , r) have already been defined. 
as the in-phase and out-of-phase components of displacement of a rigid plate. It is easy' 
to show that Ifi(ao)r)  I is greater than I F1 (a0,a0,i) 1 and I.f2(ao,r) I is greater than 
I F2 (ao, a0 , 
Consider figure 2, illustrating I F1 . 1 , F2 I and (F?+F?). As a0 increases, a greater part 
of the effective wavelength is bridged by point a0 or r0 and it moves out to some point z say. 
In order to convert the case we have solved to that of a rigid plate, forces Pr and qr  must be 
superimposed on the stress distribution assumed, as indicated in figure 2, in order to make 
(F? +F constant, i.e. a rigid state. As the total force on the area is to be constant and equal 
to F, Pr + sq,. = 0 and the ZPr  will be outside some point X and sq,. inside X. Then, what-
ever the distribution ofp and sq,., 4r will be closer to the point r = r0 than sq,., so that the 
depression of r = r0 due to 4r is greater than the lift of r = r0 due to Similarly, the 
opposite is true for the point r = 0. This means that deflexion of a rigid plate lies between the 
deflexions at the centre and periphery, i.e. 
IF1 2 (a0,a0 ,7-) 1 <Jfi 2 (a,, r) 1 <jF1 , 2 (0,a0,r) I.. 	(90) 
However, it is possible to find a much lower upper limit than I F1 ,2(0, a0 , r) 1 . Apply the 
reciprocal theorem of Rayleigh (1944, p. 153) to the two sets of stresses and displacements, 
i.e. the static stress distribution giving the displacements Pe'' (F1 +iF2)/,ur0 and the rigid 
plate stress distribution giving the displacement, 
Pe'' [f1+if2]/uro. 
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Replacing the summation by an integral over the circle 0rr0, we find that 
fro 
0 
	 21rP 	P - [f1 (a0 , r) +if2 (a0, r)] 
- 27rr0(r_r2)/4ro [F(a, a
0 , T) +iF2 (a, a0 , r)] dr 
Proo  
{F1 (a, a0, r) +iP(a, a0, r)] + 	[F, (a)  a0 , r) +iI(a, a0 , r)]. (91) euro 	 euro 
It follows from figure 2 that the sum of the last two terms in (91) is negative. Hence 
I 
 fororF12(a,a0,.r)drIfl,2(aO,r) 1<1I ro(r__r2)1I (92) 
This last term provides a closer upper limit tof 1 2 (a0, r) and is an average of the displace-
ments over r< r0 formed by weighting the displacement according to the force acting there. 
It will be shown, by integrating the results, that this upper limit lies close to the lower one, 
i.e. the displacement at r = r0 . The 'average value' is now taken to mean this kind of average. 
an a. 
	
Epr 	O.Eqr 	EPr 
1F2 (a,ao,r)I 
1F1  (al ao,r)I 
FIGURE 2 




P e11" k 2ct sin (xr0)J0 (xr) dx Pe1 P 2irisin (x 1 r0)k 2c' 1 J0 (x 1 r) 
 r(rr)* r oJo f(x) - 16p7rr0f'(x 1) 5 
(93) 
 
The infinite integral may be shown to be absolutely convergent and may be integrated 
under the integral sign: 
rorj0 (xr)_dr 
o (r - r2)* = 	
r sin çbJ0 (xr0 sin 0) dØ f fo 
- 	 sin (xr0) 
- 	x ' 	 (94) 
i.e. Sonine's equation (24). The displacements follow as 
W 
- Pe'P' f (02 _.r2)4sin2  (a0 0) dO PeP'2iri(0?—r 2) sin2 (a0 0 1 ) 
- 8pirrio 	f(0) a0 0 	 164uirr0f'(0 1 ) a0 0 1 
Pe'P' 
pr0 [fia(ao,T)+ij'20(t2o,T)], 	 (95) 
WP 	P 	
(O 2 _r2) sin (a0 0) J0 (a0 0) dO PeEP' 21ri(O? 2)P& f r sin (a0 0) J0 (a0 0 1 ) 8pirrJ 16plTr0f'(0 1 ) 
[f1,,(a0,r)+if2,,(a0,r)]. 	 (96) pro 
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(iii) Evaluation of W,, and J4'. The infinite integrals occurring in J4' and J4/,,  contain both 
a real and an imaginary part, i.e. they containf la , p and the part Off2a which corresponds 
to energy propagated and lost spatially. The residue or free wave term, also imaginary, 
accounts for the rest of and corresponds to the energy lost in Rayleigh surface waves. 
Put 	 I =f- - r° (02_ r2)kM(aO) sin (a0 0) dO - 	 97 —Jo [(O2_)2_O2(O2_T2)(O2_i) + , 	 ( ) 
sin (a0 0) 
where M(a, 0) = .L(aO) or a0 0 
(0 	r 	(02 _) 2 M(aO) sin (a0 0) dO  
I'=J [(02_)4_04(02_T2) (02_i) 
.,, 	
0(0-7) (02_ 1) M(aO) sin (a00)dO  
[(02 _4) 4 _04 (02 _7-2 ) (02_1)] 
The integrals 	K' =j 	
02 _T2 	(o2_)IvI(pj_ekboodo 
- [(02 _.) 4 _04 (02 _r2 ) (02 —i)] '  
02 (O 2 —r) 
K" = I (02 _ i)M(a0) e iaoodO  _ co [(02_)4_04 (02 _T2 ) (02_i)] 
are integrated around an infinite semicircle in the upper half-plane and the sign of the - 
radical on the left of the branch points, 0 = — 1, 0 = —r, is changed to make the integrand 
analytic. It can be shown that the integral around the semicircle vanishes if a,< ao . The 
following expansion can thus be used to determine displacements inside the circle r r0, 
whereas the previous expansion is only true for r>, ro, i.e. displacements outside the circle. 
There are six poles at the points ±01 , ±02 1 ±03 and R is the sum of the residues of K' at 
This contour integration gives 	 - 
L 
I'—' " R'— 
f T. 
	(82_1)4_04 (02 _7-2) (02 _1)] 
• 	 +i 
fr(02 _) 2 (i2 _O2)M(a0) sin (ao O)d0  
J0 	[(02_)4_04 (02 _r2 ) (02_i)] 	





r 	[(02_)4_04(02_ 7-2) (0 2 _1)] 
f102(02_72) (1_02)VI(a0) sin (ao0)d0 	103 + J 	[(02 _) 4 _04 (02 _r2) (02 -1)] 
and I=I'+I" 
(r—O M(a0) cos (ao 0) dO 
r 
(R'+R") —fo 
f b02(02 	(1 
_02)IM(a0) cos (a0 0) dO 71 
 [(02_)4_04(02_r2) (02_i)] 
• 	 ç 
(7202) 1 M(a8) sin (a0 0) dO
+ ' 
f7il . 	02 (022) (1 02)1 M(aO) sin (a0 0) dO 
f(0) [(02 _)4 _04 (02 _r2) (02 _1)] 
• • • 	 (104) 
ifaa0. 
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We are not interested in values of a 0 greater than 15, and the functions M(aO) cos (a0 0) 
and M(aO) sin (a0 0) may be expressed as series. It is necessary, then, to evaluate the above 
integrals with 0" in place of JvI(aO) cos ((i0 0), etc., for a sufficient number of values of n. 
These integrals may be integrated by rationalization but were, in fact, integrated graphic-
ally. Rotation of the plate about a horizontal axis gives an exactly similar integral but with 
a different series occurring in place of M(aO) cos (a0 0). By putting in the respective coeffi-
cients both these cases may be integrated together. The residues are given as follows. If 
6r lies outsider or 1 then the sign must be changed in the radical of the residue at —r or, —1: 
Or >T, R 
= cos (a0 0) (O_)2 (02_ r2) M(aO) 
(105) Or(O0) (0r2 _032 ) (r 2 _1) 
Or  <r, R 
= sin (a0  Or) (0 — 1)2 (O - r2) M(aO) 
(1 O6) 0r(00) (02 — 02 ) (r2_i) 
Or>l R" - r 
cos(ao Or)O(O_r2) (O—l) 1 M(aO) 
 Or(O 	O) (OO) (r2 _1) 
'Or <1, R = 
2 ) i sin (ao Or)0(0_r2  (0 
 Or(OO) (O—O) (r2_  1) 
The values of Or are easily determined as the roots of the cubic, 
(x_)4_x2(x_7-2) 	 (109) 
and the-roots are 	T2 = 0500, x=0-500,  0192, 1308,' 	 - 
= 0, 	x = 0203±iO•128, 1095, (110) 
72 = 0333, x = 0250, 0318, 1184. 
The last root quoted in each of the three cases of r2 is recognized as the square of the roots 
quoted previously forf(x) = 0. The computation indicated gives series for the integrals 
and the total values. Offia p andf2ap as functions of a0 and r are exhibited in figures 4 and 5. 
This series integration was used only for the value of Poisson's ratio used in the experimental 
work, i.e. v = 0, r2 = . The curves fl,,, f2a  for the two other values of Poisson's ratio were 
integrated graphically, directly: 
K' °707 (-02)10"dO  =40 
K" - 1' 	O2(02_..) (1—O 2)O"dO " 
J0.707 [(O2_)4_O4(O2_) (02_i)] 	 ( 112  
; 	 TABLE  
n 
• 	• 0 	 2•047 	 0678 
	
1 0.7() 0566 
2 	 0.344 	 0479 
3 0182 • 	0408 
• 	4 	 0•103 	 0353 
5 • 	0•0II 0306 
6 	 0043 	 0267 
• 	7 • 0-030 • 	0233 
8 	 0•021 	 0-209 
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OA =flp = F1 (a0 , a0 , r) 
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a0 
FIGURE 4. Semi-infinite spacç, vertical translation. ---, Reissner's estimation offL  for 72 = 
OMEN 
,l. 
rTj 	I 	I 
• 	 ifta  
o.z__ 
f2a 
0•5 	 10 
FIGuRE5. Limits for the functions fl, f2 ; semi-infinite space, vertical translation; 72 = 
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I
. Expand 	 sin2 (a0 0) 	sin (a0 0) c9j0) 
a0 0 ' a0 0 	-, 
as series, and then 
	J,(a0 0) cos (a 0 0), J0 (a0 0) sin(a0 0) 
5
0.707 (4._02)sin (a0 0) cos (a0 0) d0 f' 	O2 (O2 _})(1_02)sin (a0 0) cos (a0 0) dO o 	f(0)a00 	 j0.707 	[(02 _..) 4 _i4 (02 _..) (02 -1)]a0 0 
2725 - O55Oa + OO6O6a - 000394+ O'00024—..., (113) 
f0.707 (._02)1 sin2 (a00) dO+II 02(O2_) (1_0 2)sin2 (a0 0) dO o f(0) aO 0•707 [(O2 .) 4 _O4 (O 2 _fl (O 2T7i 
= 1295a0 — O 1 96a+0 - 0163a ' -0 - 00082a  +.. 
ff°7°7 (_02)lJ(a 0) cos (a00) d O + 11 O2(O2_4) (1 _O2) J(a0 0) cos (a0 0) dO o 	 f(0) 	 j0.707 	[(02-1)4-614(02 1. ) (02 _.1)] 
2 - 725 - 0 - 618a2   	 — OOO6a-F OO003a +..., 
1 -0 2 )1 	(a0 8) J(a00) dO + 11 02(O2_.) (1 _O2) sin  (a0 0) L(a0 0 ) dO J o 	 f(0) .10.707 	[(O2_ i4 _O4 (02 _.-) (02 _1)J 




(iv) Slope of surface. The upper and lower limits are derived on a basis of I F (a, a0, r) I and F (a, a0, r) I having .a negative slope with respect to a or r. The method of integration 
of F,and F2 is true for a<, ao  and was used to investigate their slopes for increasing a 0 . ôF1 1ôa 
changes sign at a 0 1 41 for 7-2 = and oF21aa changes sign at a0 2•50. 
Values of a0  greater than this are not needed and the bounds off 1 ,f2 are correct up to 
a0 = 141, but it may be fairly safely assumed that the valuefia,f2a is a close approximation 
tof1 ,f2 for much higher values of a 0 . 
- It is seen from the graphs Offia,f2a  (figure 5) that at a value of a 0 150,fia and 
have become equal, indicating that the shape of F1 (a)  a0, r) as a function of a is now of the 
form shown in figure 3. 
The change of slope occurring has made it possible for F (a0 , a0 , r)f1 (a0, r) to increase 
relative to fia (ao,r) so that at a0 150 they become equal. At higher values of a 0 , 
Ifip(ao, r) I is greater than Ifia(ao, r)  j. The computed values of the displacement functions 
are shown in figures 4 and 5. Figures 6, 7 and 8 show amplitude, phase, and average power 
input curves when the plate is loaded with a mass. 
(a) Dynamic displacements 	 Elastic stratum 
By compounding equations (50) to (53) with the corresponding ones involving —a, —fi 
the following are obtained as solutions to the elastic wave equation: 
43 
[2A 	2Cx2 1w 
= 
 h 	(az) 	sinh (flz)j ..l(xr) e', 
[~
Ax 	2Cflx 	1 u 
= 	
cosh (az) - —p— cosh ('flz)J j1  (xr) 1P1, 
k 	 2Cflx2 (x2 -- 2) cosh (az) + 
k2 
 cosh (fiz)] J0 (xr) e'', 
Aax 2Cx 
- h2 
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FIGURE 6. Amplitude curves semi-infinite space, vertical trans!atioi 
/ 
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• 	 FIGURE 7. Phase angle, semi-infinite space, vertical translation. 
0 • 3 	 • 	 I 	 I 	 I 	 I 	 I ' 
/• 2r I(pt)L 
0.1- 1 ) 'V 5 
><,.b=20 
a. 
FIGURE 8. Average power input, semi-infinite space, vertical translation; 72 = 
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If z 0 is chosen to represent the lower surface of the stratum, the conditions z = 0, 
W 2? = 0, are already satisfied, i.e. the problem where the elastic stratum may slide on 
a rigid foundation' but has its vertical displacements restrained there. The upper free surface 
is taken as z = 8. 
(i) Free waves. Equating 2 = 2? = 0, z = 8, gives the following frequency equation 
obtained by Marguerre (1933): 
1 1 (x) = (x2 — k 2) 2 cosh (8) sinh (fl8) —ccflx 2 cosh (fl8) sinh (8) 
	
=0. 	 (121) 
This equation only has real roots above certain values of h, k, depending on the stratum 
depth 8 and the number of these roots depends on h, k, 8, r. Change the variable x to kO, and 
1 1 (0) = (O2 —) 2 cosh [y(O2 _r2)] sinh [y (02- 1)1] 
_O2 (O2 _r2)l(O2 _1) cosh [y(52 _1) 1]sjnh[y(O2 _r2) 1] (122) 
and 	 y = k8 = kr0 8/r0 = a0 R. 
This function may only be satisfactorily examined graphically. When 72 = there are 
only real roots if y > 7r/.J2. If 2 = there are real roots for any y. If the nth real root is 
denoted by x, the free waves are given by 
• u0 (r, z) - D 	 cosh (an  z) sinh (& 4) — ;flsinh (;8) cosh (flz)] J1 (xr), 
w0(r,z) = DeiP';[(x_.k2 ) sinh (ixz) sinh (fl8) —xsinh (& z) sinh (cc8)] .J0 (xr). 
(123) 
(ii) Forced vibrations. It does not appear possible to calculate the static stress distribution 
under the plate attached to the stratum surface by any simple means. The solution may be 
approximated to as closely as desired by continued solution of an infinite set ofsimultanèous 
equations but the computation involved is excessive. By applying the static stress distribu-
tion found for the plate on a semi-infinite space which, for not too shallow strata, will be 
a close approximation it is possible to examine the main aspects of the case. As in the semi-
infinite case the following tentative expressions are obtained for the displacements and, 
as before, they must be examined in respect to the radial boundary conditions at infinity: 
8 - — Pe1 fo 2x2— k 2)
cosh (c8) sinh (,88) —2xflcosh (fi8) sixth (8)] sin (xr0 ) J(xr) dx 




ak2 sinh(a8) sinh (fl8) sin (xr0) J0 (xr) dx 	
(125) 8) =  8pirr0 
	 1 1 (x) 
Make the substitution Jm (xr) = 2 [H( ') (xr) +H(xr)] and integrate around an infinite 
semicircle in the upper half-plane, changing the signs of a and fl at the branch points in 
order to make the integrand analytic. However, it is noted that the integrand is even with 
respect to c and fl, and changing their signs does not alter the value of the integrand. The 
integral around the semicircle vanishes, as before, for rr0 . The function 11 (x), besides its 
N real roots, has an infinite number of complex roots den'ited by = is to be 
43-2 
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positive, i.e. we are only interested in poles in the upper half-plane. This contour integration 
then gives 
u(r,8)- - 
P &P' (O x[(2x2 - /c2 ) cosh (w5) sinh (fl8) - 2a/Icosh (fl8) sinh (a8)] sin (xr0 ) H'(xr) dx 
	
    16pirr J_ 	 11(x) 
=21TiR+iriR, 	 ( 126) 
V 	 N 
8 
- 	f k2cxsinh (a8) sinh (/18) sin (xr0) H"(xr) dx w(r, ) - T6pirr0 .. 	 1 1 (x) 
00 	 N 
2lTi I R) +iri I R>. 	 (127) 
V-1 	• 	flI 
As before, this expression gives the Cauchy principal value of the integral 
R(w) - — Pe1 P'k2;sinh (;6) sinh (fl8) 
sin (6,, ro) HO(l )  ( r) 	 128 
- 	 16piTr0lI() 
R(w) - — Pe''k2csinh (;8) 
sinh (fl6) sin (x. ro) 2iY0(xr) 	 129 
- 	 161uiTr0 1I(x) 	 ' 
R(u) - - 'p' [ ( 2 - k
2
) cosh (;8) sinh (flu 6) - 2;fl cosh (& 8) sinh (;8)] sin ( r0) H' ( r) 
- 	 16pirr0 1I() 	 ' 
 
R(u) 	—Pe'Px[(24—k 2) cosh (8) 
sinh(fl8) —2;flcosh (fl8) sinh (a.8)] sin (xr0) 2iY 1 (xr) 
161wrr0 1I(x) 
 
Consider the term 	eiPtH(r) = eiPtH') [(c+i) rj, 	 (132) 
which, as r becomes large, tends to 
/ 	2 	' 	 / 	2 	' e'P'l e(')_' = I I e -vvr e i&r+P1)e -fbT .  
\ir( + i) r/ +i) rJ 
Depending whether C,, is positive or negative this term represents a wave travelling away 
from or towards the origin. In the upper half-plane 1, is positive and the term is thus 
exponentially damped and is not significant at large distances. R is recognized as an 
exponentially damped travelling wave. Similar remarks apply to R>. Because of the 
factors Y(xr) and Y(xr) and R are recognized as standing waves decreasing with 
respect to r in the order of r. At large distances these standing waves become predominant. 
As in the semi-infinite case, free waves u0 and w0 must be added to make the displacements, 
at a large distance, a travelling wave. At z = 8 the free waves are 
u0(r,8) =- 	 cosh (;8) sinh (fl8) —;flsinh (;6) cosh (fl8)] J1 (xr), 
(133) 
w0 (r,8) = - 	 (;8) sinh (fl8) J0 (xr). 	 (134) 
—2iiiP sin (x_r0) 
If the coefficient is chosen as 	= 	 , 	 (135) 8p1Tr0 1 1 (x) 
the standing waves 	R are converted into waves containing the terms H 2 (x r), 
He) (x, r), i.e. waves travelling from the origin. The full solution to the problem is given by 
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the Cauchy principal value of the integrals in equations (126) and (127), together with 
the free waves of equations (133), (134) and (135). The 'average displacement' over 
r<r0 is obtained by replacing 
J0(xr) by sin(xr0)/xr0 . 
However, it is not proposed to evaluate this integral. Enough of the complex roots 
conceivably could be evaluated by approximating processes, but the work would be 
excessive. The integral occurring in w(r, 6) was partly evaluated numerically, and this 
evaluation revealed that, unlike the semi-infinite case, resonances can occur. Perhaps this 
is to be expected, but it will be shown that, in the cases of rotation of the plate where it is 
just as much to be expected, it does not occur. 
Consider the integral, the principal value of which occurs in w(r, 6), 'and write it as 
(O2r2)lsin (a0 0) J0 (aO) dO 
(136) i So 




then, when 0 is small, 
coth {y(02 	
02 
- r2)} - i cot [r(i - 
	
cot [(
2n — 1) 71 	02 \1 	 - 
- .(2n-1)7T0 2 
2 	2r2 	 (139) 
to the order of 02.  If e is a small quantity, 
(_ r2) a00d0 	(02 _r2)* sin (a0 0) J0 (aO) dO f
o 	
(140) . 02 [(2n_1) 
- 16r2 +rcoty] 	
1(0) 
The first integral, being of the order 5_1,  diverges, indicating resonance when 	
(2n— 1) ii 	






(2n-1)ir/ 	E(1—v) 	\ i.e. 	
= 	26 	p(1+v) (1-2w)) 	
(141) 
These resonant frequencies are equal to those of a rod of the elastic material fixed at one 
end, free at the other, and constrained at the sides so that all lateral movement vanishes 
there. It is easy to see that this result holds for any axisymmetrical vertical stress distribution 
which is finite at the centre. The stress distribution under a rigid plate falls into this category 
and thus a weightless rigid plate on the surface of the elastic medium will resonate at these 
frequencies. - 
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A solution may be obtained for the case when all displacements vanish at the lower 
boundary, z = 0. This is so if the elastic medium is securely stuck to the base, preventing 
sliding, but it is to be expected that it will not differ very much from the previous case. 
Choose a solution with four arbitrary constants illustrated by 
	
_rA1xe- 	A 2 xe 	Cj flxe _flz C2/Ixefl] 	 142 U  L h2 	+ h2 - 	Ic2 	+ 	Ic2 	
1 (xr), 	 ( 	) 
C 	
rA 1 e 	A 2 xe 	C1x2 e_/z C2x 2 efi21 
w=[ /2 - /z2 - 	k 2 	- k2 JJ
0 (xr). 	 (j 43) 
It can then be shown that the solution, when all displacements vanish at the lower boundary, 
is given by 
w(r, 
8) =P eipt f lo [x2 cosh (w5) sinh (fl8) - afi cosh (fl8) sinh (x8)] sin (xr0) J0 (xr) dx + free wave
pirr0 o 	 flx 2 12 (x) 
(144) 
• 	 12 (x) = 2(x2 —k 2) -- [(x 2 —k 2) 2 +x4] cosh (6) cosh (flô) 
—k 
+ k2,82 + (x2 — -k2)2] sinh (wy) sinh ()• 	(145) 
As x-O, 	 12 (x) +---cosh (&) cosh (fl8), 	 (146) 
4a cosh (fl8) sinh (a8) xr0 
and the integrand becomes 	/c4 cosh (a8) cosh (fl•) 	
(147) 
• - Choose coth [y(_72)] = 0, as before, and the integrand is of the order x and the integral 
diverges. It follows that the same resonant frequencies occur whether the stratum is free 
to slide on the lower boundary or is completely restrained there. 
(b) Static displacements 
It has been intimated that the static vertical displacement of a rigid plate on a stratum 
involves two intractable integral equations. However, close bounds may be obtained to 
the displacement by using the principle evolved earlier. Take the limit of expression (125) 
as h, Ic -> 0, and we have the static displacements due to the stress distribution of the static 
• semi-infinite case. It will be shown, ahd is expected physically, that this stress distribution 
is greater at the outside and smaller at the centre than that caused by a rigid plate on the 
stratum. This stress distribution applied to the surface of a stratum gives displacements of 
the shape shown in figure 9. Take the limit ash, k - 0 of expression (125) and it is found that 
w"O 8 
- I(A+2p) 	sinh2 x sin (x/R) dx 	 148 
' ' '• 41rpr0(+/) fo R(x+ cosh x sinhx) (x/R)' 
) - P(A+21s) I s inh2 x  sin (x/R) J0 (x/R) dx 
4r0((+)Jo R(x+coshxsinhx) (x/R) 
' 	 ( 149) w(r0,8  
• 	P(1+21u) C 	sinh2 x sin2 (x/R) dx 
• 	 • 	 Wa(&) 
= 4lrpr0(A+/4)Jo R(x+coshx sinhx) (x/R)2' 	
• 	(150) 
where 	 R = 81r0 and Wa(&) = ' average' displacement. 	 (151) 
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There appears no simple way of evaluating these integrals because of the difficulty o 
determining the complex poles of the integrand. Write 
w(0,8) P(/±2/z)Ki K1 2 	
r° 	sinh2 x sin (x/R)dx 
(152; 8,ur0 (A±,u)' 7TRj O -j-coshx sinhx) (x/i?)' 
w(r0, 
) 
- ±2&? 	K 2 	 J sinh2 (x) sin (xli?) 	(x/R) dx  2 = RJ0 (coshx?ix(x/R) 
P(i+21u) K K3  Wa (s) 
 
2 	r snh2 x sin 2 (x/R) dx 
 pr0 (A+p) TJ0 (x+coshxsinhx) (x/R) 2 ' 
K3 
2 sinh2 x sjn2 (x/R) dx 	
fo 




peripheral displacement, K2 
0• 
average displacement, K3 
central displacement, K1 
o• 
0• 
I) 	 b 	5 	10 	12 
R = 
FIGURE 10. Elastic stratum stiffness factors, vertical translation. 
where is a number large enough to make 	sinh2x  
(x + cosh x sinh x) 1. 
	
2 Usin2(x/R)dx +co 	 f (sinh 2 x—x—coshx sinhx) sin2 (x/R) dxl K 3 = 	
o 	(x/R) 2 
	
(x± cosh x sinh x) (x1R)2 	 (156) 
cOsin2 (x/R) dx 
(x/R) 2 	i 
- irR 
o 	 (157) f ' 
and then 	1(3 = 1 _fo 2055i5i2smn2/1?) 	 (158) irR (x +.cosh x sinh x) (x/R)2 
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This latter integral was evaluated numerically. The factors K 1 , K 2 are treated similarly 
and the three factors are shown in figure 10. Remembering that the slope of the surface is 
opposite that of the vertical dynamic case, it follows that w(0, 8) is the highest point, and 
using the reciprocal theorem, as before, it follows that K for a rigid plate lies between K 
and K3 . The evaluated results show that, as long as the stratum is not too shallow, K 1 and 
K 3  are close together and we have reasonable bounds for K. It is to he expected that K will 
bemuch closer to K3 than to K 1 , and experiment indicates that K3 is a good approximation 
to K even for very shallow strata. As R ranges from 0 to cc these factors range from 0 to 1. 
When R = cc, K = 1, the result is that of Boussinesq for a semi-infinite elastic space. 
4. ROTATION ABOUT A HORIZONTAL AXIS 
Semi-infinite elastic space 
The solution to the case when the rigid circular plate attached to the surface of a semi-
infinite elastic space is rotated about a horizontal axis by a couple follows from the sum of 




—A(x)  e_z+C(x)fle_fl ôJ 1 (xr) cos Oe'P' . 	 ( 159 
L 	h2 	/i2 	J or sin 
 [
A(X) e C(x)fle_fi1 J(xr) sin 	 (160)  /i2 	Ic2 	J r —cos 
- 	 rA(x) ce 	 i C(x) x2 eP1 	
cos 
- 	k2 	
]J(xr).OeIP'. 	 (161) 
 sn 
(a) Static solution 
Expand above solutions in terms of  and k to the first order, put (- A/h 2 + C/k 2) = A 1 , 
(C —A) = C1 and take the limit as h, k--* 0 and the static solutions follow as 
, u =[Ai(x) +C1 z1 e J1 @' 	0 	 (162) 
2x 	 sin - 
v
[ 
A1(x) C1(x)z] xzi) sin 	
,! 	
. 	 ( 163) = - 	
- 2x 	r —cos 
- 	x— 	 e _xz J( xr) 	, w [ A1(x) NCI(x)Cl(x)z] 	
COS 	 (164). 0 
2x 	2 	 sin 
rA(N-1) C1(x) +2p{At(x) 2+ 
(N 1) C, (x)
±2}] e- xz 	0, (165) 2 sin 
C1 (x) zC 1 (x) NC I (x) zC1(x)] e_T)  cos 0 	(166) - 2xA 1 (x) + 
2x 	2 - 2x. - 2 	ar sin 
2 	2x .j 	r 	
Cos 0, (167) = p[A l (x ) +NCi+Ci 	+xA 1 (x ) +zC1_ C11 e_h1T) sin 
2x 
k 2 +/12 
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On the top surface, z = 0, the shear stress is to be zero everywhere, i.e. 
==o (z=O), 
- 4A 1 x 2 
C1=(N l ) 
F 	and, with this value of C1 (x), 	
1) 	cos 








Change A 1 (x) to A 2 (x) and generalize the solution by integrating from 0 to cc with respect 
to X: 
w(r,0,0) =f0'0 A2(x)xJ1(xr)dx 
cos 
 0, 	 (171)  sin 




0. 	 (172) 
Jo  
If 0 is the angle of rotation of the circular rigid plate about a horizontal axis the following 
boundary conditions are still to be satisfied: 
w(r,0,0) = çbr sin 0 (rr0), 
(r,0,0) = 0 	(r>r0). 	 - 	
(173)  
The angle 0 in the horizontal plane is measured from the horizontal axis of rotation. 
These last two boundary conditions are satisfied ifA 2(x) can be found to satisfy the following 
dual integral equations: 
• 	
-  
fo A 2 (x) xJ1 (xr) dx = Or (rro),l 	
(174) 
J A 2 (x) x2J1 (xr) dx = 0 (r>r0). J 
These two equations are recognized as a special case of the two dual integral equations of 
Busbridge, equations (21) to (23). Noting that 
• 	r(k)=' and J1(x)=(L  _cosx X \ITX/ 	 ) 
it follows that 	 A2(x) 	
40r0 [sin (xr0) 
—cos (xro)]. 	 (175) 
L XT0 
This value for A 2 (x) gives 
- 2p(A +p) 4Ør0 sin0 -Fsin(xro)  zz(r,0,0) 	
(A+2p)ir 	j L xr0 - cos (xro)] J1 (xr) dx. 	(176) =  
It follows (Watson 1944, p.  405) that 
ui 0 o - — 2p(A+p) 4Ør sin 0 'r ' ' / 	(A+2,u)ir(rr2) 	 (177 ) 
This stress distribution is to be expected as it is a superposition of a linear increase with 
respect to r on the stress distribution of the vertical translation case. 
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If M is the turning moment necessary to rotate the plate through an angle 0 about the 
horizontal axis, then 
sin2 —2/i(A+ M 	
2n 	 ro r3dr 
— 











This simple expression should be of interest in discussing the rocking of towers on circular 
• 
	
	bases. It could be used as a criterion of stability of a tower by equating the righting moment, 
as given above, to the overturning moment caused by the weight of the tower. 
(b) Dynamic solution 
With m = 1 in the solutions, equations (8) to (10) and (14) to (16), the following are 
obtained: 	
[ -A(x) e 
+ 
C(x)fl e _Pz ôJ1 (xr) cos 
Oe'', 	 (180) — 	k 2 I or sin 
FA(x) 	C(x)ftefl] J1 (xr) Sfl Oe'', 	 (181) VL h 2 - 	 k 2 	J r —cos 
FA (x) ce C(x) x2eflfl 
J1 (xr) Cos OCiPI 	 (182) - 1 
h2 	- 	Ic2 	j 	sin 
A 2a 
=p[A(x) (_e+ C(x)fl2x2e_flz1(xr)oSOeipt, 	 (183) sin P 
cos FA (x) 2xe_ 	ift ~P)
2 1j J d(xr) 
. Oe'P' 	 (184) 
h2 j Or 
- 	 E-A(x)2ce_ 	'ft 	x2 \e_flzl Jl (xr) 	OeiP. 	(185) rO 
= 	 h2 	
+ C(x) ft( + 
. - cos 
Because the same function of x appears in both % and W , it is possible to choose C(x) in 
terms ofA(x) so that both 2 = 0, rO = 0, z = 0. 
As in the vertical translation case A (x) is chosen to satisfy the normal static stress on the 
free surface z = 0. Take this stress distribution as the static stress distribution, just evaluated, 
i.e. Kr sin O 
(
2 2 ro — r) 
Express 2 by the Fourier-Bessel theorem, and 
•i= 
LJo 	(rol  
1
1rop2J1 (xp)dp 	14" 




This integral is now the special case of Sonine's first integral, equation (24), where 
z= (xr0),p= 1, v=-. Using T() =i and J, (y) = 12\ fY _05y), it follows that 
1y 
Lo rsin 





• 	x 	xr0 
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The displacement w(r, 0, 0) follows directly and is examined by contour integration and 
a free wave added to make the whole a travelling wave at infinity. The displacement is 
w(r, 8, 0) = Kr0 sin 0 e' r- ak2  [sin (xr0 ) - xr0 cos (xr0)] 1 (xr) dx 
4p 	Jo 	
J
xr0f(x) 	 - 
iirKr0 sin 0e'P' 1 k2 [sin (x 1 r0 ) —x 1 r0 cos (x 1 r0)] J1(x1r0) 	(190) 
4px 1 r0f'(x 1 ) 
Change the variable x to 0 and 'average' the displacement over r r0 in the same manner 
as before and then 
- 9M(0 2 _r2)l [sin (a0 0)—a0 0cos (a0 0)J 2 d0 
Oa 	16pi'r., 0 	 (a0 0) 3f(0) 











FIGURE 11. Semi-infinite space, rotation in vertical plane; T2 = 
The Cauchy principal value of this integral is implied by the contour integration. ç follows 
by putting *Ji (ao O) in place of [sin (a0 0) —a0 0cos (a0 0)]1(a0 0) 2 in 0a If  0 is the true angle 
of rotation of a rigid plate then, as before, c6 1 <0< 0. Only  Oa has been evaluated. 
Evaluation follows exactly as before. Write 
=
fo- (02  — ,r2) 1  [sin (a0 0) —a0 0cos (a0 0)] 2 d0 
f(0) (a0 8) 3 
= r° 
(02 72)l [sin (a0 8) —a 0 0cos (aG O)] sin (a0 0) dO 
Jo 	 f(0) (ao O) 
-fl 
 (0—.r' [sin (a0 0) —a0 0cos (a0 0)] cos (a0 0) dO 	
(192) 
Jo 	 f(0) (a0 0) 2 
These two integrals are evaluated by replacing the single terms sin (a0 0), cos (a0 8) by eIo° 
and integrating these new integrals around the previous contour separating out the required 
integrals as before. The evaluated results are shown in figure 11. 
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Elastic stratum 
If the plate is attached to the free surface of an elastic stratum and rotated the displace-. 
ments follow as before and 
w(r, 0 	
_Kr0 sin0e'P'fcxk 2 sinh (a8)sinh(fl8) [sin (xr0) —xr0 cos (xr0)] J1(xr) dX+ free wave. 
41u 	Jo 	 11(x)xr0 
(193) 
It is interesting to note that resonance does not exist in this case. An analysis, as carried out 
for the vertical case, will reveal that for any value of S the integrand close to 0 = 0 is of the 
order 0 and thus does not diverge. If the integrals are expressed with respect to 0 rather than 
x it is seen that the frequency only occurs in factors such as [sin (a0 0) —a0 0cos (a0 0))1a0 0, 
and it is these factors that substantially determine the frequency response. 
5. ROTATION ABOUT A VERTICAL AXIS 
Rotation of the plate about a vertical axis is the simplest of the four modes of oscillation 
because no dilatation in the medium exists. The plate on a semi-infinite space has been 
solved exactly by Reissner & Sagoci using a system of oblate spheroidal co-ordinates. It is 
solved again here by the approximate methods of this paper, for comparison. The plate on 
an elastic stratum, mentioned but not solved by Reissner, is considered also. - 
	
Semi -infinite elastic space 	 . 	 - 
The solution of the wave equation given by equations (11) to (13) when m =. 0 is 
• 	u2 =O, 
_BJ1(xr) e_ftZ ejpg 	 (194) 
w 2 =O. 
This solution makes all surface stresses zero except the shear stress z8. 
pBflJ1(xr) e_fiz e ipL. 	 (195) 
X 
The only boundary condition still to satisfy is that the stress over 0 r r0 is that of the 
static case. By using the two dual integral equations, as before, it can be easily shown that 
if M is the static twisting moment applied to the plate then the stress distribution is 
th4lT3(r__;:)4 (rro); ~O =0 (r>r). 	 (196) 
It is to be noticed that the factor r(r - r2) -4 also occurs in the case of rotation about a 
horizontal axis, and the two rotation cases have much in common. The displacement 
caused by this stress distribution is 
- 3M e.1' f [sin (xr0) —xr 0 cos (xr0)] J1 (xr) dx 	 197 VT, / 
- 4pirr Jo 	 flxr0 
"There are no free waves to be added because free waves cannot exist. In equation (195) 
put zO = 0, indicating no surface stress, and it follows that B(x) = 0, i.e. V2  = 0. This is 
further emphasized by the resulting integral for v (r, 0). The residue at the singularity x = ± Ic, 
i.e. ft = 0, is zero and no doubt arises as to the value of the integral. 
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'Average' the displacement as in the vertical rotation case, and the 'average' angle of 
rotation øa becomes 	 - 
— 9Me'P' f'° [sin (a0 0)—a 0 O cos (a00)J2d0 	 198 0. 8uirr Jo 	(a0 0) 3 (02 -1) 
The angle corresponding to the displacement at the periphery is given by 
3Me'P1 f [sin (a0 0) —(a 0 0) cos (a0 0)] J1 (a0 0) dO 	 199 
- 4piTr Jo' 	 a0 0(02 — 1) 	 ' 
It follows that the angle 0 of a rigid plate is such that OP <0 <Oa. The integrals have an 
imaginary part, representing energy lost to infinity in the form of body waves shown in the 
1•1 
integral by I , and a real part f1,0 . The angles are now expressed as fJo  
- 	Me1P' 
	
0a(fia+'f2a)1 	 (200) • 	 - euro 
MeP' 
• 	 juro (flp+1f2p). 	
(201) 
It is necessary to evaluate 
=f,  1[sin  (ao0)—ao0 cos (ao0)]2d0 
o 	(02 _1)i(a0 0) 3 
- f [sin (a0 0) —a 0 0cos (a0 0)] sin (a0 0) dO fo
'° [sin (a0 0) —a0 Ocos (a0 0)] cos (a0 0) dO 
Jo 	(02 _1)(a0 0)3 	(02 1)l(a0)2 
= 1112. 	 (202) 
These integrals are treated separately. For I, integrate J1 around the general Contour 
changing the sign of fi at x = —1: 
- 	- ( 
[sin (a0 0) —a0 0cos (a0 0)] ejezoOdO 	
203 Ji (02_1)(a0 0)3 
The integral around the semicircle vanishes and the residues at ±1 are zero, i.e. 
lim 
(8-1) [sin (a0 0) —a 0 Ocos (a0 0)] eIaoo = 
0 	 (204) 
(0+1) 1 (0-1) 1 (a0 0) 
This contour integration yields 
 [sin (a0 0) —a0 Ocos (a0 0)] sin (a08) dO+fo' [sin (a0 8) —a0 Ocos (a0 0)] cos (a0 0) dO 
'Jo 	 (1_02)(a0O)3 	. 	(1_02)1(a00)3 
Similarly, 	
(205) 
12 - .f' [sin (a0 8) —a0 O cos (a0 8)] cos (a0 0) dO 	' [sin (a0 8) — a0 0 cos (a0 0)] sin (a0 0) dO Jo 	(1_02)(a0 O)2 	 fo -(1-02)1 (a00)2 
• 	 • • 	 (206) 
These are integrated by expanding the terms Containing (a0 0) as a power series and then 
using the substitution 0 = sin b. 
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Finally, 
I= (0-524+0-105a2  — 0332a+ 0004a - 00002a+...) 
—i(0.074a —0011 8a + 00009a - 000002a +...), (207) 
M e iPl 
and if we write 	 =(J'ia+.ta), 	 (208) ur0 
then 	fla = - 0-187-0-0376a2   + 00], 19a - 0O013a8+  0 	,' 	 (209) 00006a  
f2a = 0-0264a03 f 
The integral for Op may be evaluated similarly and the computed values are shown in figure 
12. These two bounds for 0a' Op are close together up to a0 = 2 and are seen to enclose the 
true 0 as calculated by Reissner & Sagoci. The variation of these functions with a0 is seen 
to be very similar to. the case of rotation about a horizontal axis, this frequency variation 
being substantially effected by the common term 







FIGURE. 12. Semi-infinite space, rotation in horizontal plane. - - - - Sagoci's exact solution.. 
Elastic stratum 
It is convenient to write fl1 = (k 2 —.x 2) = ifl and to obtain as a solution from equations 
(11) to (13) 
1 
	
= [A(x) cos (fl1 z) +B(x) sin (fl, z)] J1 (xr).e'P', 1 	 (210) 
w2=0. 	 J 
Such a solution already satisfies the condition that all surface stresses are zero except 
If z = 0 is chosen as the upper free surface and z = 8 is secured to a lower rigid stratum the 
following lower boundary condition is to be satisfied v = 0, z = 6, i.e. 
A(x) cos (fl, 8) +B(x) sin (fl, 4) = 0, 	. 	 (211) 
and then 	v(r, z) = A(x) [cos (fl 1 z) —cot (fl 1 8) sin (fl 1 z)] J1 (xr) e', (212) 
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Generalize these solutions, and 
v(r,O) _&11fA(x).J(xr)dx, 	 (214 
	
zO(r, 0) = CIPUJ 1uA(x)fl i cot (fl, 6) .J1 (xr) dx. 	 (215 
Apply the static semi-infinite space stress distribution, i.e. 
Kr 21(r, O) 	
r2) 	 (216 
Expansion by the Fourier—Bessel theorem, i.e. 
Th(r,0) = f Ji(xr)x[froP!P)PdP1 Jo 	0 (r_p2)J dx 
1 °°Kr0 [sin (xr0) — xr0 cos (xr0)] .](xr) dx 	 (217) 0 	 XT 0 
determines A (x), and the angles of rotation become 
9Me'Ptj( [sin (a0 0) —a0 Ocos (a0 0)] 2 sin [a0 R(]. _o2)] dO 
(218) 81uirr o 	(a0 O) 3 (1 _O2)is [a0 R(i 2)'j' 
3MelPtfO 	(a0  O) — aOcos (a 0 0)j J1 (a0• O) sin [a0 R(i _02)k] dO 
aoO(1_O2) COS [a0R(182)] 	 (219) 
v(r, 0) 3A,feip€fc0 [sin (xr0 ) — xr0 00S (xr0)] J1 (xr) sin (fl 1 8) dx 
irr 	 (220) 
In order to specify bounds for the true angle 0 of a rigid plate it is necessary to examine 
this case further than is proposed. There are two effects to be considered. First, the pro-
pagation of waves outwards tends to make angles at the centre greater and 'angles at the 
periphery less with increasing a 0 . Secondly, because it has been assumed that the stress 
distribution is that of the semi-infinite static case, the effect of a decreasing stratum depth 
is to decrease angles at the centre and increase them at the periphery. Without an actual 
evaluation of the displacement v for various a 0 , R, it is not possible to tell whether 0 will lie between Ø and  Ø, or between 0 and the angle at the centre. However, it is possible to say 
that over some certain stratum depth depending on a0, 0 <0 <00. However, the integrals 
arising in a more complete discussion of this problem are tedious. The integral arising in 
Ø, is the only one which permits of a straightforward evaluation and is the only one which 
has been considered. It illustrates qualitatively what happens and experiments show that 
quantitatively it is a very reasonable estimation. 
Whereas in the semi-infinite case free waves cannot exist they may exist in the case of 
a stratum.' Equate surface stresses to zero: 
cos (fl ) = 0, 
cos[a0 R(1_0 2)] =0, 	
(221) 
( 
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The free waves are then given by 
N 
v0 (r,O) = IAJ1(Oa). 	 (222) 
n-I 
There will be a finite number N of these waves depending on a 0 and R. 
As before, the solution must be examined in order to determine if the addition of free 
waves is necessary to make the displacements at large radius into travelling waves. This 
may be done at the same time as the integral is evaluated. In the expression 
- 3Me 1 P' ç [sin (a0 0) —a 0 0 cos (a0 0)] sin [a0R(]. _02)] J1 (aO) dO 
v(r, ) - 4p7rr Jo 	aoO(1_O2) 
COS  [ao R(1_0 2)] 
= 3Me''I (223) 
4uirr 
substitute 	 J1 (aO) = [Hl(a0) +H2 (aO)], 
and 	I- 
 1 f [sin (a0 0) —a 0 0 cos (a0 0)] sin 
[a0R(l - 02)] H' (a0) dO 	(224) 
- 2J_0 	ao O(1_O2) COS [aoR(1_O2)] 
Integrate I around the previous contour, changing the sign of (1 
—02)1  at 0 = —1. However, 
the integrand is even with respect to this radical, and the change of sign makes no difference. 
The integral around the semicircular part of the contour vanishes if a> a0. If H7(aO) had - 
been used in place of H'(aO) then it would be necessary to integrate around an infinite 
semicircle in the lower half-plane in order to secure vanishing of the integral on the circular 
part of the contour. The integrand has poles at real values of 0 corresponding to the free 
waves and also at imaginary values of 0, i.e. when 
i.e. 
COS [ao R(1_0 2)] = 0, 
a0 0 =[a2 —  7;
(2n_1) 2 1TI 
 0 	4j2 	• 
(225) 
When 077  is imaginary only the positive sign is to be taken and when 0,, 
is real, both signs. 
Call the N real roots 0,, and the imaginary roots Om = m and, if R 
refers to residue, the 
contour integration yields 
2iri 
= 





[sin (ao 0m ) —a o Om cos (ao Om)] H(aOm) 	 (227) 
Om 
= 	
R(ao Om ) 2 	 ' 
[sin (a0 0,,) —a00,,COS  (a0 O)IJ MY, (aO.) 	 (228) 
R±0 = 	 R(a0 0,,) 2 
Consider the R0m  terms. These contain the factor 
H(a0m) H1(aixm) (_ ) c' (- ' 	 (229) lralxm  
as a becomes large. Thesefactors decrease exponentially with distance and rapidly become 
terms which decrease as a'. negligible compared to the R8  
.[(2m_J) 2 7T 2 	4 
aoOm=+1L_ 4R2 _a] 
If m is large enough, i.e. m > Q 
and 
SQ +4jQ J!R5flh [(2m-1) ir 
a 0 .i(2m-1)ir 0  72R 
- (2rn— 1) ircosh [(2m— 1) 1r/2R]] 11'[i(2m-1) ir 
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The term Y, (a0j which occurs in 	indicates a standing wave decreasing with respect 
to distance a as a and consequently becomes the preponderant term at large a. Convert 
this standing wave at infinity to t travelling wave by the addition of the free waves 
N 
Vo  = 
nI 
A - —
lri[sin (a0 On ) — a0 O cos (a 0)] 
T1 - R(a0 0) 2 
The wave factor occurring in the addition of these two waves is 
—i[J(a0) - iY (a0)] = - iH2 (a0), 
 
 
and this is a wave travelling outwards. The final Solution for the displacements when r r0 is 
3M e' P' v(r,0) 
= 	
f 	[sin  (ao0m)_ao 0m cos(ao 0)]H 1 (a0) 
	
4pirr m-N-i-I 	 RCa0 
N [sin (ao On ) — a0 0 cos (a0 0)]iy() +1r1 
I 	 nI 	 R(a0 0) 2 
N [sin (a0 0) —a 0 0 cos (a0 7T1 	 0)] J1 (a0)1 	(232) — n1 	 R(a0 0) 2 
v(r0 , 0) - Me 1 P' 
r0 	pr3 [f1+if2], 	 (233) 0 	 - 
3 
[7Tj 	[sin (aoOm)_ao0mcos (aoOm)]Hi')(aoO) 
47r 	m–N+1 	 R(ao Om ) 2 
N [sin (a0 0) —a 0 0Cos (a0 0)] iY(ao0)1 	
(234) +1r1 
n1 	 R(a00)2 	 J' 
47T 	n=1 
[_ 7Ti N [sin (a00) — a0000S (a0 On ) J Jl(aoOn)] 	
(23s) R(a0 0) 2 
°m is imaginary, H') (ao Om ) is real, and it follows that all the terms inJj are real and those 
in if2  are imaginary. Tables of Hankél functions of imaginary arguments are available 
(Jahnke & Emde ij.) and the series may be readily evaluated. The infinite series in O m  
converges slowly, and it is convenient to sum it as far as m = (Q —1) and to approximate 
to the remainder. It is required to approximate to 
SQ = 2iri 	
[sin (ao Om ) 	o 0m c0s (ao Om)] H(ao 0m ) 
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If rn is large enough  
[
i(2m-1)7TJ - 2R exp[— (2m— 1) ir/2R] 
21? 	 7r(2m-1) 
1 	4R 0 	1 
and 	 SQ+ 2 mQ (2m_1)t mQ  (-2.- 1) 
It may be shown that 
r 	dm 	 1 	 dm 
Q (2m _1)< m>Q (2m _1)} <J Q (2m-3) 1 ' 
Co 
J 
mQ (2m j)i 	[(2Q- 1 ) 	(Q 3)1' 
m







FIGURE 13. Elastic stratum, rotation in horizontal plane. 
Q was chosen so that the approximation represents S Q to within 5 % and then the overall 
error inf1 is much less than 5 %. 
The evaluated curves for different a0 and R are shown in figure 13. The interesting fact 
that is shown by these curves is that resonance does not exist. Neither does it exist in the 
case of rotation about a horizontal axis. Instead, a maximum inf1 occurs and it occurs at 
a frequency close to the first resonant frequency of a rod of the medium equal in length to 
the depth of the stratum, fixed at the bottom, free at the top, and oscillating in torsion. As 
R becomes smaller the frequency at the maximum point moves closer to this frequency 
and the amplitude of the maximum becomes greater. The limit is obvious and is to be 
expected. 0,, is zero until a certain frequency given by a0 ir/2R is attained. There are no - 
free waves below this value and no energy propagation. It can be easily shown that this 
critical value is the first resonant frequency of the rod just mentioned. 
It is probable that further maxima 'occur at frequencies close to a 0 = (2m— 1) ir12R. When 
the stratum becomes deep this case rapidly approaches that of the semi-infinite case. 
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R = 10, as can be seen from the curves, is very close to the semi-infinite characteristic, and 
it is interesting to note that the sum of the free waves in the stratum has now become the 
imaginary part of the integral of the semi-infinite case. 
Because of the great similarity in the two cases of rotation it is to be expected that rotation 
of the plate about a horizonal axis on a stratum has similar characteristics. The experimental 
investigation confirmed this. 
6. HORIZONTAL TRANSLATION 
Of the four modes this is the most complicated. Shear is obviously the main effect, but 
dilatation also exists and the results vary a little with Poisson's ratio. In order to effect a 
solution by the methods of this paper the boundary conditions must be simplified. It will 
be shown that horizontal forces over r r0 cause not only horizontal translation but also 
rotation of the surface. A rigid plate, subject to a horizontal force, translates horizontally 
but also rotates in a vertical plane. It is to be expected, and is observed experimentally, 
that this rotation is small. The sum of the three solutions, equations (8) to (16), is used in 
the solution to this case. 
Semi-infinite elastic space 
(a) Dynamic case 
r—A(x) 	C(x) e-flfl 0J1(xr) cosOeipl 




[A(x) e 	C(x) efifl J1 (xr) 	Sfl 	
0 e 1 ', • 	 h2 /c2 	J 	r —cos 
- (246) 
rA(x) 	e-az C(x) XC] 
J1(xr) 
Cos Oeipl w i +ws = [  
- h2 ^2 	sin 
22 	C(x)_2x 2 e- 	' 
1+3 	p[A(x)(-__-) e+ - j J1 (xr)  /c2 sin 
r4(x)2e- 	C(x) (fl2+x2) efi2r] 0J1(xr) cosOeipt 1+' 3 	P[ 	ij2 	-  fl/c2 	J 	Or 	sin 
C 	) J1 (xr) 	sin  2ce 	
+
(x)(fl-x 
8  fl 	J 	r — cos 
For convenience these solutions are written as 
ui+3=Fi(x,z)O)cos8eip:,  - Or 	sin 
•= —F1(x,z) J1(xr) 0 e1P', - 	(252) 
• 	 r 	— cos 
= F2 (x,z) J1(xr) 
cos 
0 e 1P',  sin 
-  
• 	 I+3 = F3 (x,z) J1 (xr) 
cos
OeP',  sin 
• 	I+3 = —F4(x,z) 
0J1(xr) cos
8cI p:,  Or 	sin 
= F(x,z) J1(xr) 	sin Oe''.  
• 	 r —cos 
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Add on the second solution, i.e. 
U 
= 	iJi(xr) e_fl5Oeip1, 	1 2 2 r 	sin 	 I 
—B(x) 0J1 (xr) 	sin e_ftz 	Oe'P' 	 (257) 1)2— x 2 	Or —cos 
W2 01 
- and the solution on the free surface z = 0 becomes 
cos 
u(r,0) 	[Fi 	
0J1(xr) J(xr)l . Oe'P', (258) = (x,0) Or 
+B(x) 
 X2 	r Jsin 
• 	 v(r, 0) =[_Fi (x, 0) 
.11 (xr) _OJ1 (xr)1 si
n 0e", 	 (259) 
r 	x2 	Or J—cos 
COS 
w(r, 0) = F2 (x, 0) J1xr) sin 
Oe'P', 	 (260) 
' cos 
i(r, 0) = F3 (x, 0) J1 (xr) 	OeiPl, 	 (261) - 	 sin 
(r, 0) [ 
	
OJ1 (xr) pflB(x) J1(xr)1 
COs Oeip 	 (262) = —F4 (x, 0) Or - 	x 2 	j sin 
__)__ 
1uflB(x) DJ1 xr)] sin 
i(r,0) = [F,(X) '1+ 	2 	Or 	—cos 
0e11". 	 (263) 
1. 
It is possible to equate fz = 0 which expresses C(x) in terms of A(x) and then to choose 
A(x) and B(x) so that the shear stress over r<r0 is some particular distribution. If this is 
done then it is easily seen that w(r, 0) is finite and changes sign with r, i.e. a rotation of the 
surface takes place. The expressions for the displacements then involve the characteristic 
equation f(x). A great simplification results if; instead of equating iz = 0, we equate 
• w(r, 0) = 0 everywhere. is now finite, meaning that vertical forces have been added to 
keep the surface flat. It is observed experimentally that the vertical displacements caused 
by horizontal forces are small, and the effect on the horizontal displacements of preventing 
these vertical displacements will be this degree of smallness squared. Put w = 0, i.e. 
• 	 F2(x)0)=0, 	1 
• 	 A(x)aflk2 	 (264) 
• 
C(X) 
— •x 2h2 j 
—2pA(x) #C(X) (x2+fl2) pflB(x) 
and choose 	F4(x) = 	h2 	+ 	flk2- 	
, 	 (265) 
i.e. 	 B(x) = 
flx2h2  
It can be shown from the recurrence relations of Bessel functions that 
• 	 • 	 0J1 (xr)J1 (xr) 
• 	 • 	
• or 	r 	
=xJ 	 (266) (xr).  
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The shear stresses follow as 
sin 	 (267) 
sin zO = F(x) xJ0(xr) 
- 	
Oe'P'. 	 (268)  Cos 
There is a further difficulty regarding the shear stress distribution to assume. A consideration 
of the static solutions formed by taking the limit of equations (258) to (263) asp -. 0 will 
show that the previous methods will not apply in this case without further simplifying 
assumptions. In equations (258), (259), (262) and (263), put 
F1 (x,O)= ) , P(x,o)='ffl. 	 (269) 
In the static case it follows that the displacements and stresses are now of the form 
u F, (x, 0) xJ0(xr) 
si 
cos  
n 0, 	 (270) 
I  v = F, (x, 0) xJ0 (xr) sin_0 	 (271) 
TZ=Fi (x,0)x 2Jo (xr) Cos  0, sin 	 (272) 
ZOzzrrFi(x,0)x2J(xr) sin 0. 	 (273) 
The boundary conditions to be satisfied are that 	 - 
u=dsinO (r<rO),i 
= dcosO (r<r0)j 	 (274) 
Fz, = Z-0=0 (r>.r),j 
where d is the horizontal displacement of the rigid plate. Generalize equations 
(270) to (273) by integrating ,  with respect to x, from 0 to co, and the boundary conditions are satisfied if F, (x, 0) can be chosen so as to satisfy the dual integral equations 
fo
f  'o  0) xJ(xr) dx = d (rr0), 
'  l(x, 0) x2J 	 (275) 0 (xr) dx = 0 (r>r0). 
These are the same two dual equations as occur in statical vertical translation and they 
yield a stress distribution given by, 
Ksin0 	- K cos O TZ 
- 	
zO = 	 (rr0). 	 (276) 
This solution makes both 2 and. w finite and does not fulfil the condition w = 0 as already 
assumed. However, we will take it as being a reasonable approximation to the static stress 
under the previous conditions assumed. 
45-3 
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Return to the dynamic equations (267) and (268), and when rr0 , 
K sin Oe 1 ' 
i  =J F4 (x) 
xJ0 (xr) dxsin0&t 
o 	 = 	
(277) 
== iF4 (x) xJ0 (xr) dxcosO&' 
K Cos 0e 1 ' 
o 	
(278) 
By the Fourier—Bessel theorem, 
K 
(r_ r2) 	 0 
(rr0), =J sin (xr0
) J(xr) dx. 	 (279) 
FIGURE 14 
Comparison of coefficients yields 
B(x)K sin (xr0) 	 - 	(280) 
x 2 	pflx 
A(x) - —Kx sin (xr0) 	 (281) 
h2 	 ' 	 - 
C(x) - —Kfl sin (xr0) (282) 
,uk 2o 
If P is the horizontal force on the plate, then K = P127Tr0 and the displacements become 
	
P& 1 sin0 r  rxsin (xr0 ) flsin (xr0)] ôJ1 (xr) 	(xr) J1 (xr) dx 
u = 2n1ur0 Jo L k 2ct - k 2x 	 6'xr 	
(283) 
' 
P&P' Cos 0 r rxsin (xr0) fl sin (xr0)1 J1 (xr) +smn  (xr0) ôJ1 (xr) dx 	(284) V = 2nur0 Jo [ /c2c 	- 	k 2x 	r 	flxr 
'Average' these displacements in the direction 0 = ir in the same manner as before, i.e. 
integrate the displacement of a point multiplied by the stress acting at the point over the 
area r<r0 . If U. is the 'average displacement' of the plate in the direction of the horizontal 





dO dr[PT(7 sin O+v cos 0)] 	 (285) 
0 Jo 	L 27rr0(r_r2)4 
The order of integration may be interchanged and finally 
Pe11 rarx 2 _fl 
U. =  4/s7rr20J 0 [ k2czx 
+—] sin2 (xr0) dx 
Pc'1" f r02— (02 _r2)l (02 ...... 1)1 
	1 	lsin2 (a0 0) dO 
4plTr0 jo L 	(02 _r2 )1 	(02 _l)U 	a00 	
(286) 
- 
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There are no free waves to be added. Equate all surface stresses to zero and all the 
di3p]acernents vanish. 
Evaluation follows as in the previous work. Consider 
r rIP- 0 J=j I 	
(02 r2)(O2 _1)l 	1 	e Sin (a00) dO
a00 	 (287) —coL (02_r2) 
Integrate J around the infinite semicircle Contour, changing the signs of the radicals at 
the negative.branch points, and 
_______ 'sin2 (a0 0) dO (02-r2)+ (02_] 	 	__________ 
0 	 (02 _r2)f 	+(O2l)j a00 
[fo
T.02  sin (2a0 0) 	 ___________sin (2aO) dO + 11 sin (2a0 0) dO] 
	
(r2 _O2) 2a0 0 +10 
(1 _02) 	
2a0 0 	jo (1 _02) 4 2a0 O 
• 
[f07'02 sin 2 (a0 0) dO 1 1 ( 1  _O2)sin2 (a00) dO+fo'
sin2 (a0 0) dIll 
 a0 0 	 (1_O2)aoOJ 	
(288) 





a0 	 - 
FIGURE 15. Semi-infinite space, horizontal translation. 
Finally, 
-177(3+7-2) - (0•3927- + 0.655) a + (0.065576 + 0.0913) a 
I = - (0. 005501.8  + 0.00701) a + (000027r'°+ 0.00033) 4 
_(000001r I2 +0.0OOO1)aj0 +,.. 
_(0 - 667-T 1 +1- 333)a0—(0•177r+0266) 	
] 
+ (00203r7 +00271) 4- (00013r+ 0.001 6) a J. (289) I +(0000052r"+000006)4±... 	 J 
PeIpt 
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2 varies from 0 to 1 for the full range of Poisson's ratio and the series shows that I does not 
vary as much with T2  as it does in vertical translation. This is to be expected as the forces 
here are predominantly shearing forces. Figure 15 shows that the characteristics are similar 
to those of vertical translation. 
(b) Static displacement 	
P(3 +r2) 
Put a0 = 0 and Ua = lSpr0 
(291) 
This relation shows that the horizontal static stiffness of the plate does not vary very much 
with Poisson's ratio. 
By the method used previously it may be shown that horizontal displacements caused 
by the shear stress distribution of the semi-infinite case contain terms, such as 
T 	
f° sin (xr0) sinh (fl8) J1 (xr) dx 
Jo 	xfl cosh (fl6)r 
coth [8(x2 _k2)] = — icot [8(k 2 —x2)] 




Expand to the first order in x 2, and 
X2 	)] . _i(2n-1)irx 2 









where e is small. The first integral, having an integrand of order x', diverges, i.e. the plate 






These frequencies are those of a block fixed at the bottom, free at the top and oscillating 
in shear.  
7. DAMPING 
It has been seen that propagation of energy to infinity provides a damping of the motion 
of the plate. If the medium possesses true damping the energy is dissipated in the medium. 
It may be shown that a form of damping in the medium may be represented by the 
addition of a small imaginary term to the modulus of rigidity,,". There are now no real roots 
off(x) = 0, i.e. no free waves and the integral expressions for the displacements have unique 
values. A contour integration of these integrals shows that the same values off 1 andf2 arise 
together with small additional terms representing the effect of the damping. 
The free-wave term which is the major part off 2  now appears automatically. If the 






J K0 ' a0 K 
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case are substantially those of the damped case. A form of viscous damping may be repre-
sented by replacing p by #(I +ia0 K) and a form of Coulomb damping by #(I +iK0). 
It may be shown that the changes inf 1 ' and f2  due to damping are given by: 
Viscous damping 	
a ar 1fr 	1 
if1 =aoKf 2 +La+pv(12v)j, 
a0 	' 	
(296) 
A'jf 	 . a0 df êf 1 , 2 —_ .a0it01 Ji58 Vl 	,L' L 	A.ua0 	P 
Coulomb damping 
Replace a0 K by ICE,. These deviajions are shown in figure 16. It is to be noticed thatf1 
becomes numerically smaller andJ'2  greater for small values of a 0 . 
FIGURE 16. Damping curves, semi-infinite space, vertical translation. 
8. NOTE ON EXPERIMENTAL WORK 
A comparison of these theoretical results with experimental ones gave a very close agree-
iñent.The experimental work is being published separately, but a short note on the technique 
is not out of place here. 
Sheets of foam rubber, 1 in. in thickness and glued together to form a block 3 ft. square 
and 14 in. deep, proved to be a satisfactory 'elastic half-space' for a base radius of 1 cm and 
the range of frequency implied by the theoretical curves. Repeated reflexions of the 
transmitted waves from the square boundary were sufficiently attenuated by the natural 
damping of the material as to be insignificant by the time they reached the centre again. 
The block thus behaved as though it were unbounded. 
A small fibre disk on the centre of the upper face of the rubber was excited by a coil 
attached to it carrying a variable frequency current and oscillating in a constant field. 
As foam rubber is of low density and the radius of the disk necessarily small, the mass 
associated with the disk also had to be small to provide relevant 'b' values. Consequently 
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a means of measuring the dynamic displacements of the disk without introducing further 
inertia was needed. A capacity pick-up giving oscilloscope deflexions proportional to disk 
displacements achieved this requirement satisfactorily. 
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Paper No. 2 
Forced Vibrations of a Body on an 
Infinite Elastic Solid. 
By R. N. ARNOLD,' G. N. BYCROFT, 2 AND G. B. WARBURTON' 
The paper considers the forced vibration of a rigid body 
resting on a homogeneous elastic medium of infinite sur-
face area and constant depth which may be finite or in-
finite. Four modes of vibration for a body with a circular 
base are investigated; (a) vertical translation, (6) torsion, 
(c) horizontal translation, (d) rocking. For a semi-infinite 
medium the amplitude response can be obtained for any 
mass in terms of known constants of the system and two 
fundamental functions F, and F,, which depend only on the 
exciting frequency and the properties of the medium. 
Close approximations to these functions have been eval-
uated for each mode.. Experiments on an elastic model 
are described, the results of which are in good agreement 
with theoretical prediction. The behavior of a stratum of 
infinite area is more complex since functions fi and F, also 
depend on stratum depth. These functions have been 
evaluated for the torsional mode only, experimental re-
sults being given for the other modes. 
NouENctATu1t 
The following nomenclature is used in the paper: 
a=kr 
= kro frequency factor 
A amplitude of vibration 
B, C, F = functions of s, i, and ö 
b = 
m0
- = mass ratio (translational modes) 
pro' 
V 	- = inertia ratio (rotational modes) 
pro 
E = Young's modulus 
Ii, 12 = functions of ae and V 
ftp. 	lip = limits of 1 
lip — limits off, 
p h= x+2) 
10 = relevant moment of inertia of mass me 
k (E) "2 p=  
me = mass resting on surface of medium 
M amplitude of exciting couple 
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OF MECHANICAL ENGINEERS. 
Discussion of this paper should be addressed to the Secretary, 
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n 	integer 
p — circular frequency of force (or couple) applied to 
plate 
P = amplitude of exciting force 
r = radial distance from center of plate 
ro = radius of plate 
R 
ro 
8 = dimensionless variable used for integration 
1—time 
u, v, w = displacements of plate in radial, tangential, and 
• 	 vertical directions 
z = vertical distance from surface of medium 
a = (k23 2 _h 2)'/" 
(k's' - k')" 
= dilatation 
o = depth of stratum 
= constant 
h 	/ LL )'/21 - 2v
k 	X + 2 	= L21 - 
o — angular co-ordinate 
X = ( 1 + p)(1 - 2v) 
Lamé's elastic constant 
ju = modulus of rigidity 
v = Poisson's ratio 
p = density of medium 
a, = normal stress parallel to Z-axis 
r,, r,e = shear stresses in plane perpendicular to Z-axia and 
in radial and tangential directions, respectively 
angular displacement about horizontal axis 
4' = angular displacement about vertical axis 
We, o,,, w, 	components of rotation 
INTRODUCTION 
The paper considers the forced vibrations of a mass with a rigid 
circular base resting on (a) a semi-infinite homogeneous elastic 
medium, (b) a homogeneous elastic stratum of infinite area and 
Y 	 z 
Fm. 1 MASS ON AN INFINITE ELASTIC STRATUM 
constant depth 8 supported by an infinite rigid foundation, Fig. 1. 
The response of the mass to harmonic forces or couples is obtained 
for four modes of vibration. The applied forces and couples are 
Ps sin pt, M, sin pt, P sin p1, and M, sin p1 and the corresponding 
391 
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Fia. 2 MODES OF VIBRATION OF MASS ON SEMI-INFINITE ELASTIC 
MEDIUM 
displacements of the mass w, 0 , u, and 0, Fig. 2. These modes 
are referred to as (a) vertical translation, (b) torsion, (c) horizontal 
translation, and (d) rocking. In (c) and (d) the motion is con-
strained to be translation along OX and rotation about OY, 
respectively, although owing to the position of the center of 
gravity of the mass both motions normally exist together. 
Vibrations of a machine foundation resting on the ground may 
be excited in any of these modes by. unbalanced forces. How-
ever, this practical problem has added complexity, since the 
ground cannot be considered as an elastic medium and the base 
of a foundation will not, in general, be circular. Nevertheless, the 
problem investigated here is an essential preliminary to a com-
plete solution of the effects of ground vibration. 
For a semi-infinite elastic medium the modes, vertical transla-
tion and torsion, have been investigated analytically by previous 
workers, but experimental work seems to have been confined to 
nonlinear media, such as ground. Lamb (1)' studied the propaga-
tion of waves in elastic solids and derived the solution for the dy-
namic displacement caused by a vertical harmonic force applied at 
a point on the surface of a semi-infinite medium. Reissner (2) 
considered the vertical motion of a rigid mass of circWar base 
resting on a semi-infinite medium, when subjected to a periodic 
vertical force, and obtained an approximate solution by assuming 
uniform pressure distribution between the mass and the medium. 
He also gave an approximate solution (3) for the torsional mode 
and with Sagoci (4) derived the, exact solution for this mode by 
using a system of oblate spheroidal co-ordinates. 
For a stratum Margiierre (5) derived displacements resulting 
from a vertical harmonic force applied at a point on the surface, 
and Reissner (3) investigated similar conditions for the torsional 
mode. However, neither author considered the influence of a 
mass resting on the stratum. 
Sezawa (6) derived general solutions for the wave equations to 
include variation of displacement with the angular co-ordinate 0; 
these have been used to investigate the unsymmetrical modes (c) 
and (d) of Fig. 2. 
	
(X + 2) - 
	 ôW 	Ow, 	Ov 
(2] r 60 	oz 	6r 
6w, 	6 2W  
(X + 2iz) 
r ôr (79)+ r 00 
p....(3J 
where the dilatation 





W, 	—I---- WY 
2 \Oz - Or 2 r 00 K) 
and 
W. 	 (rv) 
2r[Or 	-] 
. — — — 
and X and j.z are Lam6's elastic constants. 
Particular solutions of Equations [1] to [3] have been derived 
(6)as 
U.Ui+Ui+U3, v— III +v3+vs, w—w2+w,..[4j 
where 
Ui 	—B,, — — [J,(krs)] €al+ipt cos nO 
h 2 Or 
vs = B. nk' I — - J,,(kr8) 	s i n nO 
h' r 
ak 
= B. 	J,,(kr8) €"P' cos nO 
us —C,, 	[J,,(kr)] 	Pi+Ip cos 
— C. 	J,(krs) e 9'' sin nO 
r 
ws = C,,8' f_(kra) 98+1pt cos,nO 
US —
F. 
 •.i_ J,,(kr8) C1+'P1 	sin (nO + s) 82 k 	. 	 05 
F,, 0 
- k 
	[J,,(kr8)] efii+iPS sin (nO + f) 
h' 	 = -, and a2 ± h 	+ k' — 00 
The normal stress in the Z-direction and the components of 
shear stress in planes perpendicular to the Z-axis are given in 
terms of displacement by 
XL + 2/4 
aw 
or 
MATHEMATICAL, THEORY 	 . 	 / Ou 	Ow \ 
If u, v, and ware the displacements in the radial, tangential, and 	 \ Or [51 
vertical directions, the equations of motion of an elastic body in 
ô, 	ôü\
00 
cylindrical co-ordinates are 	 . 	r, 	z (- -- + 
-)
bA 
(X + 2/4) 	- __ 
Or r -6 _0 + 
214 	P 61 	[11 	In the problem to be considered a mass with a rigid circular6. 
• base rests on the surface of the medium, Fig. I. A periodic dia- 
'Numbers in parentheses refer to the Bibliography at the end of turbing force or couple is applied to the mass and is distributed 
the paper. 	 . . 	. 	 in some manner over this circular area. Thus the boundary con- 
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ditions are (a) zero stress at the free surface for r > r0 , (b) con-
stant aml)htudc of linear or angular displacement of surface (de-
pending on mode) for r :!~ ro , (c) no reflection of elastic waves from 
boundaries situated at infinity. These conditions are difficult to 
satisfy, as the stress distribution tinder the mass during vibration 
is unknown. In the following analysis this distribution is assumed 
to be the same as that produced by the corresponding static force 
or couple. By applying this distribution to the vibrating surface 
of the medium, it is found that the surface does not remain plane 
for r < r0 and thus condition (b) is violated. However, two 
limiting displacements corresponding to r =. 0 and r - r0 may be 
obtained. Moreover, analysis reveals that it is possible to obtain a 
weighted average displacement by integrating over the circular 
area and that the true displacement lies between this average 
value and that obtained for r = r0. This method will now be ap-
plied to the four modes of vibration. 
VERTICAL TRANSLATION FOR SEMI-INFINITE MEDIUM 
For this mode the relevant expressions for symmetrical dis-
placement are obtained from Equation [4), if n = 0 and F. = 0. 
For forced vibration the solution is generalized by integrating 
with respect to 8 from 0 to ; the normal displacement and stress 
components at any point on the surface of the medium (z = 0) 
are, in terms of the nondimensional quantities 8, 57 (= h/k), and 
o(=kr) 
W Re [e9t f 	B 	 + csl} Jo(as)d8]...... [6] 
Re [,.Lkeu11 Jo, i B ('  712 
— 2C82(8'— i) u11} J(as)d8]......[7] 
TV Re 
[izkeu1 f {— B 28(8'  772. 
+ C(1 — 282 )} Ji(a8)da] ......  [81 
where Re signifies that the real part of the complex expression is 
taken. 
The shear stress r, is equated to zero over the whole surface of 
the medium, giving a relation between B and C. This assumes 
that there is no friction between the base and the medium. The 
distribution of direct stress is taken to be that of the analogous 
static case given by Timoshenko (7); thus for a periodic disturb-
ing force P,,e" the direct stress 
P'' - 	e 	,, for r 	r,...........[9) 
' 	 27rro(ro' — r2 ) ' 
— 0 	 for r>ro 
Expanding Equation 19] by the Fourier-Bessel integral and 
equating the result to Equation [7) gives an integral for the dis-
placement w at radius r. If this integral is analyzed by contour 
integration, it is found that an additional term must be added if 
the complete solution is to contain only diverging waves and 
satisfy the boundary condition at infinity. (This term cor-
responds to free waves in the medium.) The complete expression 
-for the displacement is 
rp1€tP E(8' 57 2 ) '/I  sin as Jo(as)d8
w_Re[ 	
G(8) 
p,,44(81$ — 2)I sin Ooli Jo(aam)]  
814roG'(a,) 
where the Cauchy principal value of the integral is understood 
G(a) = 	— !.
)
8 1(8 2  — 1)" (82—  
81 is the real root of G(8) = 0, time condition for the existence 




and the nondimensional frequency factor ao = 
The corresponding expression of Reissner (2), who assumed a 
uniform stress between the circular base and the medium, is ob-
tained by substituting J m(ao8) and J i(ao.si) for sin (a0s) and sin 
(ao8i), respectively, in Equation [10]. In Reissner's equation for 
to the sign of the free-wave term is given as positive; this error 
affects his computed values of amplitude. 
The weighted average value of the dynamic displacement (de-
noted by subscript a throughout the paper) is given by 
(. 	wrdr 	
[111 J 110N. — I Ph 	 . 
It is a mean displacement over the-circular area, the displacement 
at any radius r being weighted by a factor proportional to the 
assumed stress at that radius. 
After substituting from Equation 110], this average displace- 
ment becomes 
r 	f 	 2)'/5 sin' a,s d8
w,,Rel
L87rro ao8G(s) 	 - 
P,clPui(81 2 — 772)1/? sin' a 81]
[121 — 8J.uao8, G'(80 
and can be expressed in the form 
w. = Re [L'Lp'  {f,,,(ao, v) + if,,, (ae, v)}]  
pro 
Functions f,, and  f,,, are real functions of the frequency factor ao 
and Poisson's ratio v and correspond to the real and imaginary 
parts of the integral and free-wave term of Equation 112]. If 
the corresponding unknown functions giving the true displace-
ment of the rigid base are!, and /2  and if the functions giving the 
peripheral displacement (obtained by substituting r to or 
a 	ao in Equation [ 10]) are/i, and/i,, then 	 - 	 - 
11,,>!, >fi, and f. >/2>/,, 
Taking the real parts, the true displacement 
P. 
W 	—(f,cospf—f,smnp)........... [131 
and the amplitude 
A = -- (fl +1,')".............. [14] zro 
Corresponding expressions with subscripts a and p give the limit-
ing values of amplitude, A. and A,,. Equation [14] gives the 
amplitude of a rigid massless base of radius r0 due to a periodic 
disturbing force of magnitude P,. When a mass rno is added to 
this base, the actual force transmitted to the medium is modified 
by the inertia force mo(d1w)1(d1 2 ). In terms of a disturbing force 
of magnitude P. applied to the system, Fig. 2(a), the amplitude 
of the mass is given by Reissner (2) as 
1(1 	+ "A---for, 	+ bao'fi)' + 	 '] 1151 
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Fm. 3 FUNCTIONS fl AND /1 FOR A SEMI-INFINITE MEDIUM 
It is found that fj.,, f',,, and f2a, f2p give close limits for the true 
values of the functionsf j , 12 for the frequency factor a0 in the range 
0 to 1.5. In Fig. 3(a) values off,. and! 26 are plotted against a0 for 
three values of Poisson's ratio. The broken lines show the 
values of f, and f2  obtained by Reissner (2) for v = 0. (The error 
previously mentioned only affects his values for f2 and these have 
been corrected.) Response curves for this mode with p = 0 for 
various values of b are given in Fig. 4(a); they are plotted non-
dimensionally as amplitude factor Azr o/P, against frequency fac-
tor a0. The experimental results plotted in this diagram will be 
discussed later. A curve obtained from Reissner's results has 
been added for comparison. 
MODES OF SEMI-INFINITE MEDIUM AND STRATUM 
For the translational modes the linear displacement is shown to 





and similarly for the rotational modes the angular displacement is 
the real part of 
Me' pS 
pros (Ii + if2)]  
The functionsf1 and f2 have a different form for each 'mode. For 
the semi-infinite medium they are functions of a0  and P (except in 
the torsional mode when they are independent of v); for the 
stratum .1, and f, are also functions of the depth factor 1? 
ö/ro . 
For all modes limiting values of the functionrf 1  and 12 can be 
found, but, in general, only the average valuesfi.and f2. have been 
evaluated. Equation [151 can be used to find the amplitude of 
the plate with the addition of mass m 0  for all the translational 
modes; the corresponding expression for the amplitude of a rota-
tional mode (' or  ct'), when a disturbing torque Jlfe'Pl is applied 
to a mass having a relevant moment of inertia Jo, is 
A 	
M r 	I" + 12' 	 1161 /.zr,' L(1 + b'a02f1)' + (b'a02f,) 2J 
where b' = 1o/(pr01 ). 
The. method of obtaining fi and 12 is similar for all modes and 
only the basic equations required to derive these functions will be 
given for the remainder. 
TORSIONAL MODE FOR SEMI-INFINITE MEDIUM 
The only component of displacement is v obtained from Equa-
tions [4] by putting B 	C 	0, e 	—ir/2, and n 0, which 
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Fm. 4 AMPLITUDE AND FREQUENCY RESPONSE FOR A SEMI-INFINITE MEDIUM 
satisfies thp condition of symmetry. For forced vibration the 	The functions fi1, fzo, f l,, and f2p have been plotted against fre- 
tangential displacement at any point on the surface is 	 quency factor ao in Fig. 3(b). The broken line on the diagram 
shows the exact values of f' found by Reissner and Sagoci (4); 
v = Re 	8ipt fo, 
.! Jj(aa)dsl......... [17] 	those of f2 are coincident with fz1 found from Equation [19 ] . The 
  8 	 J 	 agreement between values obtained by exact theory and by the 
The shear.-stress distribution due to a periodic disturbing torque averaging procedure suggested that it was only necessary to corn- 
...I: 	 Tr;. +;r11... 
3M,etptr  
for r 	To .......... [18] 
4irr0 3  (ro2 - 1) 1/2  
=0 	 for r>ro 
With this assumption the average dynamic rotation is 
= Re 	(fi(ao) + ift2(ao)}] 
pros 
DM,e't sin a0s - a,s coo a0s iirro8 10 	aos(8' - 1)" } 




The corresponding expression for 41, is obtained by substituting 
! 
	sin ao8_ao8 coo ao8} 
Jt(aoa)for1 
(ao8)'. 
in Equation [19]. 
4 
HORIZONTAL TRANSLATION FOR SEn-INFIsITE MEDIUM 
The relevant expressions for the components of stress and dis-
placement at any point on the surface are obtained by putting 
n = 1, € = 0, and z = 0 in Equations [4] and integrating with 
respect to 8 from 0 to co . In order to obtain an approximate solu-
tion it is assumed that w is zero over the whole surface, that 
2B(82 
-  17 2) '/2 	 (s' 
+ C(2s' 	1) = - 	 .. . [20] 
'71 32 
and that the shear-stress distribution due to a horizontal disturb-
ing force, P2e' is 
cos 0 





,,1 forr ~ r5, r,0 	O for r> ro ..[22] 
2 7rro(ro' - r ) 
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With these assumptions the components of displacement u, v of a 
point on the surface of the medium (r, 0, 0) are 
U — Re ______ 
cos 0
fo 






- 1) 	a 
v 	Re 
A° C'' t Sin08 	(a'  




J1(aa)] sin aog da ..... [24] 





 j 	27rro(ro' - r')'/' dr dO...... [25] 
Hence the displacement is 
U0 	Re [----- {fi 0(ao,v) +if,0(ae, v)J] L Pro 
[
Re 	
j81 _(a' —  17 2)'/i(S s _1)'!' 
0 
511
fl 2 a, 
d8..... 1261 a08 
Values of Ii.  and f, are plotted against frequency factor a, for 
three values of Poisson's ratio in Fig. 3(c) and response curves are 
given, in Fig. 4(c) for some values of b with v = 0. 
ROCKING MODE FOR SEMI-INFINITE MEDIUM 
For forced vibration the components of displacement and stress 
are found from Equations [41 and [5] by putting n = 1 and F = 
0 and generalizing the expressions by integrating with respect to 
8 from 0 to . The shear stresses are equated to zero over the 
whole surface and the following expression is assumed for the 
direct stress at (r, 0, 0) due to a disturbing torque M,e'' 
3M ,e'' r cos 0 
as — 2irro'fro' - r')'/' for r 
:5 r, .......... [271 
=O for r>r, 
Hence the average angular displacement of the mass is 
additional noliition are required; for u1, v1, and w, terms propor-
tional to C1+*P€ are ruhled so that the colnJ)o,ients of displacement 
are proportional to hyperbolic functions dependent on Z. 
The general method of solution for a stratum is similar to that 
for the Bernj-inufj,ujtc medium. To avoid difficulty, the static 
stress distributions used for the modes of the semi-infinite me-
dium have also been used for the corresponding modes of the 
stratum. The error due to this assumption will increase as the 
depth of tIme stratum decreases. 
The main results will mow be given for the various modes. 
(a) Vertical Tran4agioa for Stratum. Assuming that the 
stratum lies on a rigid infinite foundation and that no friction 
exists between stratum and foundation, the average displacement 









(a' - 2)'/i Sine a'D8 d8  
aosl(s) 
- 	 • 1 E sin' aos,(2 8pro 	 ac..',,1'(81) 	j..... [29) 
where a,, are the real roots of i(s) 	0 
1(8) 	(82 - 
--) 
coth aö - 8 2(5 2 - 
(a' - 1)" coth $ö and i'(s,,) 	
rdl(s) 
This integral has not been evaluated but by considering its be- 
havior in the range 0 <a < el, where el is a small quantity, the 
integral can be shown todiverge at certain frequencies given by 
(2n —Ur  r E(1—p) 1'' 
2.5 	Lpi + v)(1 - 2v)J 	l,2,3,etc.....[30] 
Thus infinite amplitudes exist for a rigid plate of negligible mass 
at the natural frequencies of longitudinal vibration of a rod of 
length 8, free at the top, fixed at the base, and laterally con-
strained. 
If it is assumed that the stratum is fastened to the rigid founda-
tion, it is found that the frequencies at which these infinite ampli-
tudes occur are unchanged. 
(b) Torsional Mode for Stratum. For forced vibration the 
tangential displacement at any point can be written in the form 




	(8' - 27 )'/(sin aos - a cos a,$)' ds - 9f.gPti(a12 	ii')"sin a,s, - a,s1  cos aosj) 	. 
[28)R 	
6iriro' o (aDs)' G(s) 	 l6j.mro' (aos, G'(s1) 	 J 
The functions f'0 and I,, are plotted against frequency factor a, 
for p — 0 in Fig. 3(d) and 'response curves are given for some 
values of b in Fig. 4(d). 
STRATUM OF INFINITE AREA ON A RIGID BASE 
The Solutions [41 to the wave equations apply only to a semi 
infinite medium. For the various modes of it mass on a stratum 
V 	Re etm't f " [B cos tkz(1 - a2)'/IJ 0 
+ C sin tkz(1 - 82)h11} IJ,(as)ds. . . [31] 
Assuming that the stratum is fixed to the rigid foundation (i.e., 
v 0 at z 8) and that the shear stress on the surface is given 
by Equation [18), the average dynamic rotation of the plate due 
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Re 	{f,,(ao, R) + ift.(aoR)}] 	 1 
Juro s 
9111e' 	aos- a,s COB a,$)' tan { a,k( 1 	a')" 	





(aos)'(l 	8')'" 	- 	
9)f,Ptj(jfl a0s,, - a,s,, cos aos,,)' ] 




4J2 	J , a = 1, 2,3 . . ,N. 
The lower limit for the rotation is 
r
Re 	ff,,,(ao, R) + if2p(ao, R)J] 
Re 
foo
(sin a08 - C0S COB aos)J,(a08) tan {aoll(1 — 8)''J] 
d.s




	3M,eP'i (sin aos,, - a,, cos 
1 	
4ro1R(ao8,,)' 	 j 
Inspection by Contour integration of Equations 1321 and [331 
shows that in each case the integral gives f, and the terms in the 
summation give 
I,. 
Thus f, will be zero up to a critical value of 
frequency given by a, = ir/2R, as there is no real root s,, below 
this value; this frequency can be expressed as 
ir 
26 p ( IU 
which is the fundamental frequency of torsional vibration of a rod 
of the material of the stratum, of length 5, free at one end and 
fixed at the other. 
As the integrals of Equations [32] and [33] do not diverge, 
infinite amplitudes do not saist for this mode when the plate has 
negligible mass. In Fig. 5 the functions f,  and f2 have been 
plotted against frequency factor for three values of R. 
FIG. 5 FUNCTIONS fl AND fi FOR AN INFINITE STRATUM 
(c) Horizontal Translation for Stratum. For forced vibration 
the expression for the dynamic displacement at a point on the 
surface of the stratum contains terms of the form 
fo sin a,s tanh (ki3(8' - 1)'11 )Ji(a8) 	. [34]  
This integral diverges at frequencies given by 
(2n-1)7 f/.L\" 
= 	25 	
- 	 , n 	1, 2, 3, 	etc ...... [3 
\P1 
These are the natural frequencies of a rod of the medium of leng 
5, free at the top, fixed at the base, when vibrating horizontal 
in shear. 
(d) Rocking Mode for Stratum. The integral giving the d 
namic displacement is similar in form to Equation [29] wi 
[(1/aos) sin aes - cos asJ' replacing sin' a, but it can be sho 
that it is not divergent for any value of stratum depth. Thus i 
finite amplitudes do not occur for this mode whe'n the plate h 
negligible mass. 
EXPERIMENTAL INVESTIGATIONS 
(a) Elastic Medium. In geometrically similar systems with t 
same density ratios of mass to medium, b remains constant, ni 
for the terms within the square root (Equation [151) to be iden 
cal, functions fi  and f2 must be the same for both systems. Sin 
these are functions of a0 and is, two systems of different materi 
having the same Poisson's ratio will behave in a similar manni 
when the disturbing frequencies have the relation 
= 2 (ii '"  
Pa 	r,, \P11L2/ 
Provided a medium can be obtained with the required value 01 
it is thus possible to findfi and ía by experiment. 
Theoretically the elastic model should have an infinite area, b 
a finite model can be used provided reflections from the edges a 
eliminated. Twelve sheets of foam rubber, 3 ft square and ea 
approximately 1 in. thick, were sufficient to represent the see 
infinite medium, as the damping in the rubber eliminated randc 
reflections but was small enough to allow the experimental 
sults to be compared with those for the theoretical undamp 
medium. Disks of base radius 0.375 to 2.25 in. were attached 
the surface of the rubber. Two varieties of foam rubber w 
used, one for the stratum and the other for the semi-infinite ca 
The physical constants of these are given in Table 1. 
TABLE 1 PHYSICAL CONSTANTS FOR FOAM RUBBER 
	
B. psi 	P. psi 	• 	 p,p, 
Stratum case............ 9.96 4.98 0 O.0O 
Semi-infinite case........ 17.3 	 8.65 	asO 	O.00 
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Steel magnetic circuit 
Direct-current field coil 
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Copper pickup plate 
Direct-current field 
Cable to pickup plate 
Slots to minimize eddy cur-
rents 
1-I, Earthed pickup plate 
Exciting coil 
Foam rubber 
FIG. 6 DETAILS OF EXCITING AND PICKUP ASSEMBLY 
• 	(b) Measuring Equipment. Applied force, frequency of excita- 
tion, and vibration amplitude of the mass were measured. The 
• force was produced by the interaction of a d-c electromagnet A, 
Fig. 6, and a small coil J, which formed part of the mass and 
through which an alternating current was passed. Displace-
ments were measured by change of capacitance; in order to record 
• force and amplitude at the same location, the magnetic exciter 
and capacity pickup (D, H) were located in the same head. Pro-
vided the gap between the plates D and H was large compared 
with the movement, the response was linear. 
Fig. 7 illustrates the methods adopted to insure the correct dis-
placement of the mass in the four modes of vibration, the same 
magnetic and pickup head being used for all modes. Thus in Fig. 
7(a) the mass m 0 consists of a small bakelite disk E, which was 
sufficiently thick to be considered rigid, the thin brass disk C and 
the exciting coil B. In the other modes the required force or 
• couple was obtained by means of knife-edges G, Figs. 7 (b), (c), 
and (d). 
COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS 
(a) Semi-Infinite Medium. The experimental points, Fig. 4, 
have been added to the theoretical amplitude-frequency curves 
for the four modes. For the translational modes (a) and (c) 
there is close agreement between the theoretical and experimental 
results, but for the rotational modes the experimental points lie 
below the theoretical curves, especially at frequencies close to 
resonance. From Equation [15] and the form of functions/ i and 
/, Fig. 3, it can be seen that the amplitude has a maximum close 
to the value of a0 that makes (1 + beze°J,) equal to zero. Moreover, 
this maximum amplitude is approximately proportional to I/Jo. 
The function 12 is a measure of the rate at which energy is dissi-
pated and for the theoretical undamped medium all energy ,  
is propagated outward. However, in the experimental system 
additional energy is lost because of damping within the medium. 




H 	 H 
D. Additional inertia 
Field and pickup plate 
Exciting coil 
Additional mass 
II, Foam rubber 
Knife-edge 
Base of radius ro 
Fiber structure 
damping into the analysis is to provide a small increase in Jo; 
thus the experimental damping will affect the rotational modes 
more than the translational modes, because smaller values of Jo 
are, in general, associated with the former. 
Comparison of Equation [15] with Fig. 3 also shows that as b 
(or b') increases the resonant amplitudes increase and occur at 
decreasing values of a0 , as shown for each mode in Fig. 4. The 
theoretical response curves for b = 0 (corresponding to a rigid 
plate of negligible mass) show a drooping characteristic for all 
modes. 
(b) Stratum on a Rigid Base. Theoretical curves for the tor-
sional mode have been plotted, Fig. 8(b), from Equations [15] 
and [32] for two values of depth factor B together with the ex-
perimental results. In all cases very large amplitudes were re-
corded experimentally. This may he explained by considering 
the expression (1 + b'ao2f1 ) which, since!, is negative, can become 
zero. It is possible for this to occur at values of a0 at which Jo 
is finite or zero, Fig. 5, depending on the value of b', and thus 
from Equation [161 the resonant amplitudes may be either finite 
or infinite. To illustrate the lower amplitudes a light structure 
was made to give a low value of V. The theoretical and experi-
mental response curves are given in Fig. 9 in which agreement is 
similar to that obtained for the semi-infinite medium, Fig. 4(6). 
Unlike the foregoing, theory indicates that the translational 
modes have infinite amplitudes when b = 0 at frequencies given 
by Equations 1301 and [ 35]. For a mass m o (b > 0) resting on the 
stratum, infinite amplitudes apparently exist for certain frequen-
cies, but they have not been investigated rigorously. Large 
amplitudes were obtained experimentally and the frequencies at 
which they occurred are plotted against mass ratio b in Figs. 8 (a 
and c). In both diagrams the experimental curves appear to 
converge to a specific frequency when 6 = 0. In (a) this fre-
quency is approximately 220 cycles per sec (cps). Theoretically 
the fundamental frequency for b = 0 and ö = 1.03 in. is 207 cps 
from Equation [30]. In (c) the corresponding experimental fre-
quency is approximately 155 cps which may be compared with 
the theoretical value of 146 cps obtained from Equation [33]. 
In Fig. 8(d) experimental response curves are given for 
three values of b' for the rocking mode. Analytically this mode 
(c 
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Paper No. 3 
THE RESPONSE OF A NONLINEAR OSCILLATOR TO AN EARTHQUAKE* 
By M. J. Muarin and G. N. 13citor 
IF WE consider a structure as being equivalent to a simple oscillator (that is, a mass 
supported on a vertical cantilever), the acceleration produced in the mass is con-
siderably larger than the acceleration received by the base during an earthquake. 
If we measure the mass accelerations produced by one particular earthquake in a 
number of oscillators of different period and plot the maximum acceleration against 
period, we have the acceleration spectrum of that earthquake. Biot in 1941' devised 
a torsional pendulum analyzer which permitted these spectra to be readily com-
puted, and Housner and McCann in 19492  used an electric analog to compute the 
damped spectrum. They showed that damping caused a considerable reduction in 
the values of acceleration produced. 
The present writers considered that some nonlinearity of the structure might 
reasonably be expected at large amplitude, owing to take-up of clearance in rivets 
and bolts or in panel walls and butted joints. To ascertain just what effect this 
would have on the spectrum, a nonlinear torsional pendulum analyzer was built and 
spectra were obtained for different degrees of nonlinearity. As a first approximation 
to the type of nonlinearity described, the following equation of frej vibrations was 
chosen: 
mx+kix+k2x 3 =O 
If the base of this oscillator is given a displacement y, and x is the displacement of 
the mass relative to the base, then 
m(ã+)+kix+k2x8 =O 
or 
+ +  
To obtain the solution to this equation a torsional oscillator (shown in figure 1) 
was built. A crossarm A carrying two heavy slidable masses M was suspended on a 
torsion wire T, the top of which was rotatable in a bearing. Two fine wires N were 
attached to the crossarm and through two springs S to the frame of the instrument. 
It is shown in the Appendix, below, that if the head in the torsion wire is rotated 
through an angle 0 this arrangement obeys the following equation: 
I' + C1 (1 + c 2) = C,0 
(2) 
* Manuscript received for publication December 20, 1954. 
M. A. Biot, "A Mechanical Analyzer for the Prediction of Earthquake Stresses," Bull. Seism. 
Soc. Am., 31: 151-171 (1941). 
2 G. W. Housner and G. D. McCann "The Analysis of Strong-Motion Earthquake Records 
with the Electric Analog Computer," Bull. Seism. Soc. Am., 39:47-56 (1949). 
[57 ] 
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If 0 is obtained by following an acceleration trace of an earthquake record with a 
pointer mounted at the end of a lever of length 1 in., and if X represents the scale 
of the earthquake acceleration (in. per ft/sec. 2), then 0 = a(t)X/l. 
For convenience the earthquake record is fed past at a speed p times slower 
than it actually happened. If T = p1 
= 2 
dt2 	dT 2 
Equation (2) may then be written 
Cl X d2cb 
d712+ J2 4)(1 + c) = - 	a(T) 
:?9-DEFLECTION OF HEAD 
RELATIVE TO GROUND 
"-DEFLECTION OF ARM 
RELATIVE TO GROUND 	 ifr.l 
a 	 b 
Fig. 1, a, Schematic view of nonlinear pendulum; b, Diagram of physical constants used. 
For q  we now write 0 = 
d2 11 	 l 	 C1X a(T) 	 (3) 
dT2
= —+ c' (1 + c2fZ2) 	
121 
Rewriting equation (1), we get 
+ klx (1 + kx 2) = —a(1) 	 (4) 
The conditions for identity between (3) and (4) are 
 
k 1 	c' 





If these three equations are satisfied, then (3) and (4) are identical and x(1) = 1(T). 
Thus the deflections obtained in the pendulum are a measure of those of the struc-
ture relative to the ground. 
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Condition (a) is satisfied by making the small amplitude period of the nonlinear ,  
oscillator equal p times the period under study. Condition (c) defines i. From (b) 
we then obtain the value of k defined by u and c (c is a fixed function of the instru-
ment design). To alter the degree of nonlinearity being explored we alter 1, which 
alters the value of .t required to make (c) true and hence the value of k in (b). 
Having fixed the degree of nonlinearity by fixing 1, we obtain the spectrum by 
varying I to get different values of period. If we look at condition (c) we see that 
varying I varies i. I.e., 
c 1 X 1 
( 1p2) 	
2 2 (k \2 
Hence 	
2 2 	 c1X c 1 X 
k = c,. 2 = c -b- - = c -- v-;) 
1c 1 x\ 2  (k'\2 












This is a generalized form of equation (4) which allows us to change k i/m (i.e., the 
period) without altering the ratio of linear to nonlinear acceleration at a given 
value of total acceleration. 
If the maximum angle of response of the pendulum is 0, then the acceleration is 
given by 
C in  (1 + c 22) = 	- (1 + c4, 2) 
—c-- 4,(1 + 02)  
- Cl X 
Figures 2, 3, and 4 show the general arrangement of the equipment used. In 
figure 3 the method of varying the lever length 1 is shown, and in figure 4 the canti-
lever springs S which provide the nonlinearity are shown. The earthquake accelera-
tion record was wrapped round a drum D which rotated at constant speed and the 
trace followed by the pointer P. 
The N—S record of the Cook Strait earthquake of January 13, 1950, recorded by 
the Wenner strong-motion seismograph at the Seismological Observatory, Welling-
ton, and shown in figure 5, was analyzed with three different degrees of nonlinearity. 
The equation and shap2 of this nonlinearity is shown in figure 6. The acceleration 
spectrum shown in figure 7 was plotted, and, as can be seen, the accelerations at 




• 	F ¼:).'1 
- 	 - 






Fig. 3. View of drum and adjustable lever ratio. 
s -,- 
Fig.  4. View of nonlinear springs. 
IU.51'ONSE OP A NONII1'AU OSCILLATOR TO AN 1:A1 IiQKI: 	 (l 
tious arc all plotted against, the small amplitude p4'riud of the osiUat c'r, t I (' jwaks 
move progrcsiVcly to the right. this is to be expected, icciulse the period shortens 
with increased nonlinearity and increased amplitude. Iii eOnScqU('flce, a nonlinear 
resonance plotted at say 0.5 sec. period really occurred at a smaller period. 
An approximate velocity spectrum may be derived by considering only the free 




The spring force is 
k lx [i + K 
(1)2 I 
work done = 	k 1x [ + K 
(i2 2] 
dx 
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Fig. 6. The nonlinear characteristics analyzed. 
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	Fig. 7. The acceleration spectrum. 
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This must equal the kinetic energy 
mv = k 1 [~– + j 
() 
X .  
Vm_ThJf+K()f 
Translating into the torsional case, this becomes 
TC'l Vi ccb2 V. 	 + 








Fig. 8. The velocity spectrum. 
The velocity spectrum which is shown in figure 8 is of considerable interest. 
Whereas the acceleration spectrum shows an increase in acceleration for increasing 
nonlinearity, the velocity remains substantially the same. This means that the 
energy put into the oscillator is substantially independent of the degree of its non-
linearity. An explanation for this could not be found. 
Conclusion.—It appears that for a nonlinear osciallator of the type considered 
which is being excited by a series of random pulses such as an earthquake record, 
the acceleration response of the oscillator increases but the velocity response re-
mains substantially unchanged. An analytical explanation of this phenomenon could 
not be obtained. All the tests were conducted without damping, and the results 
with damping could quite possibly be different. The instrument assisted toward a 
successful method of solving a problem which is quite intractable on an analytical 
basis. It could be adapted to include clamping. 
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APPENDIX 
Figure 1, b, shows a diagrammatical view of the analyzer. It is necessary to show 
that this pendulum obeys the equation ascribed to it in equation (2). 
Let C1 = torsional stiffness of central wire 
S = spring rate of nonlinear springs 
To = tension in nonlinear springs at zero position (pretension) 
T, = tension in nonlinear springs at deflection 4 
M = torque due to nonlinear wires 
r = radius of point of attachment 




Deflection of spring = .J12 + (2r sin 2 - 
2r2 . 
2rsii4 
M = [T0+ S sin2] 	 rcos 
12  + (2rsin) 2 
r2 
sin [±+ To  
Writing 0 - /6 as a close approximation for sin 0, M takes the form M=4+b.03 . 
Hence tfie equation of motion for the pendulum becomes 
and this may be written in the shape 
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It is seen from this that the pretension (T0) changes the linear coefficient from 
CL to C'. 
The free oscillations of this pendulum are given by 
IcP + C + cc, 03 = 0 
It may be shown that the ratio of the periods of swing when 0 = a and 0 tending 
to zero is given' by 
Ta 	2/2 	 dO 
7 /2 + Ca' 
° I + ca' sm' o 
N 	2+ca2 
This integral was numerically evaluated and is displayed in figure 9. To evaluate c 
the ratio of periods were measured at a very small amplitude (a - Q) and at an 
angle of swing of ± 1 radian (a = 1). 
C' was evaluated by measuring the period of swing at small amplitude, when, of 
course, the equation of motion is 
Iç: + CIO = 0 
C, was evaluated by measuring the period of swing with the nonlinear wires re- 
moved when the equation of motion is 
Iô+ CIO O 
The authors thank the secretary of the Department of Scientific and Industrial 	 I 
Research, New Zealand, for permission to publish this paper. 
J. J. Stoker, Non-Linear Vibrations (London: Interscience Publishers, Ltd., 1950), p. 21. 
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IN A MULTI-EY BJUIDDI 
IL J. Murphy, G. N. Byoroft, I, W. Harrison 
ABSTRACT  
An electrical analog for the solution of the motion of a multi-
legree of freedom resonator when subjected to irregular impulses of the 
nature of an earthquake is described. The frequency band is swept very 
closely and the spectra produced show that vibrations other than the 
Cundamental have, in general, little significance. 
The analysis of the effects of an earthquake on a building is very 
complex, in that a building has infinite degrees of freedom. Bending, 
shear and torsion will exist in all the components. The full solution 
cf such a problem is not practical. It is reasonable then to consider 
a much simplified model. The ground motion of an earthquake is substa-
rtially horizontal and the motion of many types of buildings, especially 
steel frame construction, may be taken as that of a compound oscillator 
consisting of rigid masses connected by shear springs. The rigid masses 
correspond to the mass of each floor and the shear springs to the shear 
stiffness between storeys. The analog represents electrically this model. 
In other types of building construction, such as the bearing wall 
type, bending of the walls between storeys is more significant than 
shearing and a different analog circuit would be necessary. 
Much work has been done previously on preparing spectra of single 
storey structures. Assuming reasonable values for the damping of a 
structure these spectra indicate a great magnification of the earthquake 
acceleration due to the partial resonance built up. Biot (1 91) used a 
mechanical torsional pendulum and Housner (1951) an electronic computer 
to prepare spectra of many American earthquakes. The indicated acceler- 
ations which may appear to arise from these spectra, even with 10$ damping, 
are so large that failure would appear certain. Dempi,ng has a large ef-
fect on the maximum accelerations produced and the authors considered it 
a possibility that partial yielding of metal frames and slight cracking 
of concrete might well dissipate sufficient energy to keep relative dis-
placements reasonable. 
• Engineering Seismology Section of the Dominion Physical Laboratory, 
Lower Hutt, New Zealand. 
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With this view in mind the analog was constructed to incorporate 
yield characteristics. However prelim inary runs without yield indicated 
that the harmonics do not build up as anticipated, and this paper is con-
cerned with the problem without yield.. 
The analytical solution is perfectly straightforward but the conipu-
tation involved for a series of building types and a range of earthquakes 
is laborious and an analog solution is more practical. 
3. 	THE ANALOGY 
The mechanical system assumed is shown in Fig. I • Both viscous 
damping between storeys and also between the storey and ficed space is in-
corporated. It has been found from tests on buildings (Alford, Housner, 
1953) that the percentage damping of the modes of a building is approxi-
mately the same and it is shown later that a certain combination of both th 
dampings mentioned above will roughly fulfil this condition. The analogy 
is now established for a three-storied building but obviously relates to axi 
number of storeys. 
Mn  = mass of the y' storey. 
) 	= stiffness between the fl+h and (h_l) storey. 
= damping coefficient between ri lk and (vi-')tAstorey. 
= damping coefficient between 	storey and absolute space. 
= horizontal displacement of the n 1' storey from the base or 
ground. 
V = velocity of the base. 
0ct) = acceleration of the base. 
The following may be derived easily from the equations of motion of 
the system. 
(I) J3  (x r) + ( 	:4:;) h13 X3 + Pr o() ~ 	 2(e) 
() _4(x3_x_.4( 3 _i) J(x-x,)  +"V' (:)~A  
n.1 0 ., +Aa ( a tV) + frri oç) MM 
(3) - -k (xi-. ,) 	(;j.- ,) -.  I  _xi 
+ ?n i 1  + At (3c ,- +,L ) + Pfl,  0,.D (.^- = a 
Fig. 2 shows the analogous electrical circuit with resistances in bet] 
the indnctive. and capacitive arms, 
9-2 
MURPHY, BYCROFT & HARRISON on Electrical Analog for Shear Stresses 
L h = 	inductance of each coil. 
C,, 
R M 
= 	capacity in bridging anti. 
of 	 ann. = 	resistance bridging 
T(t) 
= 	resistance of inductive arm. 
input = current. 
= 	circulating currents. 
q = charge corresponding to current 2,.,. 
A loop analysis of the circuit yields the following equations. 




 0a1 C 3 0u) 
+ J.. (._ 	~ 42 
	 ___ 
.2 	 () 	2) 
C 	
c ~ 
d-) .2 cLt 	C1 
4- 	L, 	d 1 7, 4- 	LL'  
00.2 Cu.? ,ttE1 
With a suitable choice of coefficients the two sets of equations are 
analogous; charge in the electrical circuit representing displacement rela-
tive to the base in the mechanical system. It is necessary, however, to 
work at a much higher frequency in the electrical oirouib. Change the time 
base of equations (4), (5) and (6) by putting, 
,?± = /:) 7- 
Equation (4) takes the form, 
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q, ~ L, (d"  
Z  
~ - (;-) 
_1-3 fdQ +  
dT) c i (c7- 
It is necessary for the analogy then that the following hold:- 
(9) 
	




These relations xian that the resonant frequencies are increased 
the same ratio as the increase in speed of passing the earthqualm reoox 
The percentage damping remains the same in both systems. It is 
shown later that the earthquake record is fitted to a drum which is all 
to run down in speed. This run down in speed effectively changes the 
factor (3 and. thus analyses a set of buildings. The ratios between I 
masses, between the stiffnesses said between the damping factors, are t 
same for each member of the set but the frequencies go though a range 
the wheel decreases in speed. Each run down of the theel thus allows 
spectrum to be drawn of a particular type of structure. 
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Equation (13) if written in terms of maps and seconds becomes 
'C)  
.2 	 110 Ott ou 
ie. the current fed in is to be such that equation (16) holds. However 
it was found more convenient to integrate the voltage ordinate corresponding 
to the aoce].ogram ordinate and feed in a current proportional to this 
integrated, voltage. This means that instead of equation (16) we have 
OU 
Consequently, instead of equation (15) we have, 
~m (7-) 
Xh (;t
L) 	 _____ 
/o . 
We wish to obtain finally the spectrum in the foi,n of the equivalent 
static acceleration of the building which would produce the same stress at 
the various storeys, ie. the force at each storey divided by the total 
mass above it. This follows simply from equations (10), (ii), (18) as 
S 	Al (xm  
-t Iv, ,,,., 	 Th 
,(7)-  
C h p(&- L, 	+ L) 
[7, (r) - 2 
C #1 ( t  P? + 	 -t 
	
,#, 	,.,# 
This result is independent of the factor 	and thus the spectrum, 
as defined above, may be measured directly, with suitable calibration, 
from the voltages appearing on the condensers. 
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L'. 
The nature of the damping of a structure is not really kncsi. 
However, indications are that the first few modes have approximately the 
same percentage damping. This may be arranged by the combination of the 
two daxnpings already mentioned. It may be easily shown that the percent-
age damping of any mode is equal to the ratio of the energy loss in that 
mode to the maximum potential energy of the mode. The following esti-
mation is general in principle for azr relation between the masses and 
stiffuesses but is illustrated here for the case of a uniform building, 
i.e. all the storeys identical. 
(.o) 	f),,. = angular frequency of the ,r- 1 iode. 
(, i) 	 = individual storey frequency. 
ratio of the damping in the pn mode to the damping in an 
individual storey. 
(&3) 
I 	- A 
(24.) 	X,,,, = displacement of the n storey in the Iy, t mode. 
A consideration of the energy loss and the potential energy of the 





This result is plotted in Pig. 3 for a uniform building and it is 
noticed that if /3 is chosen to be four, the damping in the first few 
harmonics is approximately the same. 
The shape of the modes are determined experimentally but in the uni-
form case may be determined theoretically as shown in the appendix. 
5, 	DESORTION OF THE ANALOG 
(a) Method of Excitation 
From the sharply-peaked response curves which have been published 
from results on simple one-otorey torsional pendulum analysers it appeared 
that a large number of readings would have to be taken to define these peaks 
on the response curves of a multi-storey resonator. To take the required 
number of points by a point-by-point method, i.e., using a fixed wheel speed 
for the application of the earthquake impulse, would have taken a very con-
siderable time. It was decided, therefore, to fix the earthquitke record 
to a wheel which ooiL'1 be motored up to some required top speed and then 
take recordings as the wheel slowed down exponentially under the influence 
of an eddy current brake. 
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It can be seen from equation (19) above that if the condenser voltage 
.8 recordea and plotted against building period, then no correction for 
.s required, 
A suitable wheel exists in this Laboratory as part of the Admiralty 
[arinonio Analyser and is shown in Fig. 6. It is approximately 30 inches 
a diameter with a 5 inch wide rim and can be driven up to 600 r.p.m An 
d.justable eddy-current brake will bring it to rest in times ranging from 
0 minutes to about 15 minutes. For our purposes the brake was left in 
.ts least effective position taking about 50 minutes to run down from. 600 
.p.m. to 3 r.p.m. 
The earthquake records are enlarged so that their maximum double 
alitude is about 3 inches and their length about 30 inches, i.e., not 
.onger than one-third of the circumference of the wheel. The remaining 
wo-thirds of the wheel is used for timing pulses and allows time for relays 
aid camera to operate before the next application of the earthquake impulse. 
:t also allows the networks to become quiescent. 
b) Display and Recording Method 
The method of display and recording are arranged to give the response 
n.wves ready plotted to ordinates of length suitable for publication without 
tuther re-plotting. This is done by displaying the required voltage on a 
oasor Type 101.9 cathode ray oscilloscope with the time base switched off 
md by recording on a Cossor Type 1428 camera suitably modified. The mod-
.fications are to the film transport mechanism. A standard Post Office 
ailseleotor switch replaces the normal motor on the side of the camera and 
razisports the film through appropriate gearing, the .niiselector being 
)ulsed by means of a valve-operated relay from a mark on the wheel. 
Thus the film is moved 0.002 inch for each revolution of the wheel, 
the movement of the film taking place very shortly after the end of the 
arthquake impulse to the building networks. One bank -of the unise]eotor 
rWitoh contacts are connected to the beam-brightening terminals of the 
soilloscope so that the film is exposed once every fie revolution of the 
theel. Time marks are also put onto the film at one minute intervals by 
rightening the spot for a short period and thus drawing black lines across 
he trace. These timing marks, together with the number of revolutions of 
the wheel, plainly visible on the film, enable /0 to be evaluated, and the 
quiva1ent building period to be calculated and printed on the film as a 
iine base. The wheel speed and therefore the film speed decays exponenti-
My 	consequently this time base is linear. A typical record is shown 
In Fig. 5. 
:0) Driving Amplifier (Pig. if) 
The earthquake record after being enlarged and fixed to the wheel is 
,lacked-in on one side. This is scanned through an illuminated slit by 
Iwo photo-cells mounted in the box shown on the right of the photograph 
Fig. 6). Also •ianuated in the box are two amplifier stages and a cathode 
ollowar feeding into the connecting cable. The sials from this cable 
re then amplified in three fairly law-gain stages and then integrated for 
the reasons given in para. (17) above. This integrator has a comparatively 
short time constant of 0.1 seconds, in order that slight unbalance of the 
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black and white sides of the earthquake record due to uncertainty of the 
base-line position, is not added up. The integrated signal is then ampli-
fied in two stages and fed to the grid of the 6A.7 driving valve. The 
impedance of this valve is high compared with the variations of load 
impedance and hence the current flowing into the networks is always pro-
portionsl to the integral of the earthquake acceleration as requi.red. in 
Equation (17) above. 
(d) Networks 
The ten networks are arranged In the same mariner as in the basic 
circuit (Fig. 2) with the addition only of switched tappings on the in-
ductances and switched capacity values at each condenser point. 
The inductances are air-cored, having a maximum inductance of 3 
Henries and are tapped at ten points. They are mounted in line with the 
axis of each alternate coil at right angles to its neighbours to minimise 
pick-up. Below the coils are mounted the condensers, switches and resis-
tors on two-storey unit chassis. All the necessary measuring points are 
brought out to sockets at the front of these panels. 
The switching is arranged so that any number of stories up to ten oar 
be selected readily, and also it is possible to open-circuit all the con-
densers to produce an infinitely stiff building for calibration purposes. 
Provision is also made for biased diodes to be connected across the 
condensers to simulate plastic yield in the springs. 
6. 	RESULTS 
At the present time only one earthquake (Cook Strait, 13 January 1 95( 
North and South). has been used and this has been applied to two types of 
building. The first building known as the Uniform Type is of ten storeys, 
each storey being equal in mass, stiffness and damping. 
The second building known as the Graded Typo comprises ten storeys, 
each being equal in mass. and damping, but the inter-storey stiffnesses 
varying in proportion to the total mass above, i.e. under the influence of 
a static acceleration it deflects In a straight line. 
Both buildings have been checked at two damping values, C/ = 4% and 
1c. 	 / 
The buildings were set up by selection of the appropriate inductance, 
condenser and resistance settings, the latter being found from the curves 
shown in Fig. 3. Practical tests were carried out on the networks to 
check the theoretical damping ratios. This was done by exciting the net-
works with an audio oscillator, the frequeney of which was slowly raised 
through the range of the hamonics, while the voltage across condenser No.1 
was noted. The Input current was maintained constant. The damping at 
each harmonic was then calculated using the relationship 
() 	
C/ =  
74r- 
9-8 
MURPHY, BYCROFT & HARRISON on Electrical Analog for Shear Stresses 
where 
1c0 	damping ratio, 
= width of resonance peack at 90 of maximum amplitude, 
= resonant frequency. 
Good agreement with the theoretical values was obtained.. 
The shapes of the modes of oscillation had previously been noted, 
using the audio oscillator, in order that these computations could be carried 
out. 
Before each spectrum was recorded a calibration run was made by open-
circuiting all the condenser arms, i,e. making the building infinitely stiff, 
running the wheel up to 300 r.p.m., and making a short recording of the 
response. This calibration can be seen on the right of Fig. 5. 
The amplitude of the left-hand trace represents the ratio 
max inter-storey shear force 
total mass above 
as explained by Equation (19), whereas the right-hand calibration trace rep-
resents the same ratio when the building is infinitely stiff. If the res-
ponse value at any particular period is divided by the calibration value, 
the amplification factor plotted, in Figs. 7, 8, 9 and 10 is obtained.. 
This value is essentially a design factor, in that the equivalent static 
acceleration to give the same stresses at any storey is obtained by multi-
plying the maximum value of the earthquake accelerogram by the amplification 
factor. 
7. 	COHCIBSIONS 
Drawing conclusions from the results obtained is somewhat difficult 
unless the difference between stiffness and strength is kept clearly in mind.. 
It is seen that for a uniformly stiff structure the upper storeys 
require a larger design "g" value than the lower, particularly when oscil-
lating predominantly in the second harmonic (1.1 sec period). For the 
"graded type no. 1" structure the upper storeys require an even further 
increase in design "g" values relative to the lower, both for resonance in 
the fundamental as well as in the second harmonic mode (0.2 sec and 0.4 sec 
fundamental, and 0.9 sec for the second. harmonic). The influence of the 
second harmonic is not so pronounced in this case. 
If we make the assumption that for practical reasons stiffness and 
strength are proportional, it follows that for the uniform structure if the 
bottom storey is just strong enough the upper storeys are unnecessarily 
strong. For the graded structure, if the bottom storey is just strong 
enough, the upper storeys have inadequate strength. On this basis the 
second harmonic has very little influence, except in the upper storeys of 
the graded structure. 
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It would appear that the ideal structure which gives a uniform 
stress distribution throughout, lies somewhere between these two types. 
The authors suspect that most actual structures also lie between these 
two types. This is regarded as being extremely fortuitous. 
It is intended that in future work all available earthquakes will 
be fed through 10 storey structures of three types (the two already chosen 
and a third intermediate type) and an attempt made to define a grading of 
design "g" value up the building and to relate this to the fundamental 
period of the structure. The absolute value of "g" to be catered for wil1 
remain an open question until the damping of actual structures and their 
possible yield has been thoroughly assessed. It would appear however 
that a tall structure being as it is relatively free from harmonic exci-
tations has quite a bit to recommend it if the fundamental period is long 
enough to place it on the reduced part of the simple spectrum. 
BlOT, LA., "A Mechanical Analyser for the prediction of Earthquake 
Stresses", Bulletin Seismological Society of America, 
Vol. 31, No. 2, April 1941, pp. 151-171. 
AIFORD, J. L.,HOUSNER, G. W., MARTEL, R.R, 
"Spectrum Analyses of Strong motion Earthquakes", Report on 
research conducted under contract with the Office of Naval 
Research, Californian Institute of Technology, August 1951, 
ALFORD, J.L., HOUSNSR, G.L, 
"A Dynamic test of a four storey Reinforced Concrete Building", 





= mass of the fri storey. 
= stiffness between the P7 and (h-I) 1 itorey. 
'in  = damping coefficient between the r) and (h-I) storey. 
aX = damping coefficient between the ri" storey and absolute space. 
= horizontal displacement of the fr'p storey from the base. 
= velocity of the base. 
= acceleration of the base.
fA L 	= inductance of the I1 coil. 
C = capacitance of the t1 coil. 
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resistance of the bridging arms. 
resistance of inductive arm. 
circulating current in the ti circuit. 
charge corresponding to current A h• 
spectrum magnitude. 
th 
angular frequency of the on mode. 
angular frequency of an individual storey. 




displacement of the ?) storey in the ?v, mode. 
I 
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The case of an undamped uniform building yields relatively simply to 
analysis. In this case the equations of motion assume the form, 
Vfl X on 	.44  
ii-,  
where kYP is the mass of each floor, J is the stiffness between floors, 
X,,, is the absolute displacement of the hfloor, the coordinate X 
is the ground displacement, and fr Is the number of storeys, A Laplace 
transformation of these equations gives, 
Y, = A (/,iot 






and 	is the Laplace transform of 
This difference equation may be solved to give, 
(6)   
where, 
--  




The oritical frequencies follow from, 
(,&4.L) 	o _ = 
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By an application of the convolution theorem and a contour integration 










We wish to compare the maximum relative displacements that occur in 
the dynamic case with those which would occur if a static acceleration were 






The ratio we are interested in is then, 
At 
 
ft)c 	 o,] Whq ccc) 
The coefficients, 
(113.) 	
4- (1)(#'_'- ,) 
represent the "weighting factors" to be given to each harmonic at the 
various storeys. The rest of the expression is the spectrum of the 
earthquake divided by the static acceleration. The same coefficients 
hold approximately if the undamped spectrum is replaced by the damped one. 
The following table gives these coefficients for three positions on a 
ten-storey structure for the first few harmonies. 
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1 0.840 1.120 0.008 
2 01 094 0.320 0.588 
3 0.030 00084 0.220 
4 0.014 01 000 0.144 
5 0.008 0.025 0.092 
6 0.004. 0.020 0.662 
Fig. 11 shows the exprirnental aiä theoretical spectra for the 
eighth storey of a four per oenturn damped uniform building. The theo-
retical curve is computed from the coefficients in the above table but 
no allowance was made for phasing of the coriiponents and conseq.ient]y the 
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Fig. 7 Speotra: Uniform Building C/c = W. 
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VIBRATION MAGNIFICATION CAUSED BY FOUNDATION RESONANCE 	929 
Finally, we obtain for the magnitude of the 
loaded ground displacement 
A = JU,j 
= 1(1 + b2f + (bao2f2)2] 	
() 
The phase angle 0 between the undisturbed 





tan = (1 + bao2f,) 	
(8) 
	
1 	From (7) we define the magnification factor as 
I 1 	 9 M - 
- 1(1 + bQf1) 2  + (bao2f2)21 
0.0 	- - - - 	0.5 	 1.0 	 1.5 
FIG. I - Relation between a0 and —Ii ,f2 
measuring point, when unloaded by the instru-
ment, be the real part of BetPI  and let the force 
between the ground and the instrument when the 
instrument is in place be Peip(t).  The motion 
of the instrument will consist of two displace-
ments, the original undisturbed displacement 
Bet and the displacement caused by the force 
Peip(t+) under the instrument. The system is 
linear and the displacements may be added. The 
displacement caused by the force Peip(t)  is 
given by 
U 1  = 	(J + f2) 	 (1) 
Mro 
Addition, of the two displacements gives the 
displacement of the instrument 
U2 = Be" - 	(Ii + 12) 	(2) 
Lr0 
Equate the force acting on the mass m0 to its 
mass acceleration, and 
[ 	 1 
—m 	
Pea 
op2eP' [B - -" (.I + f2)] = — Pe11 > (3) 
1h70 
The real and imaginary parts of this equation 
yield 
mop 2 rBoro 	 1 
Cos PE = 	—Ji cos po +J2 sin  po I (4) 
roLP 	 j 
sin j2o = —
mn0p' 
IfI sin P + 12 cos po] 	(5) 
Aro 








 '° 2p02 J 
The functions fj and f2  are quoted from the 
author's earlier paper and are shown in Figure 1. 
Figures 2 and 3 show the magnification factor M 
and the phase angle 0, as function of the non-
dimensional frequency factor a 0 and mass factor b. 
A typical example may be quoted to indicate 
the significance of these results. Consider a 
geophone sitting on a base of four inches diameter 
and of seven pounds weight. If the ground den- 
5 I 
1J 
.0 	 0.2 	 0.4 	 0.6 	 0.6 	 1.0 	 1.4 	 .6 
FIG. 2 - Relation between a0 and M, r2 = * 
bl0 
6.10 
FIG. 3 - Relation between a0 and 0, 72  = 
930 
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sity is assumed to be one hundred pounds per 
cubic foot then 
15 
Pr 03 100 X 0.167 
If the shear wave velocity is one thousand feet 
a second and the instrument is measuring a fre-
quency of five hundred cycles per second, then 




The curves in Figure 2 show that the apparent 
displacement is twice the correct value. Figure 3 
indicates a phase difference of 32°. 
Conclusions—It may be seen from the ex-
ample quoted that the mass of a ground measur-
ing instrument will substantially alter the motion 
at the pick-up point and radically alter the shape 
of any complex train of waves it is receiving both 
by amplitude and phase changes. The greater the 
value of b for the instrument placement the 
greater will be the maximum magnification. This 
distortion may be avoided by decreasing the b 
value of the instrument. Increasing the base area 
is probably the easiest way of achieving this. 
Although increasing the base area also increases 
the a0 value, it may be seen from the curves that 
better fidelity is obtained overall. However, the 
base- area must not be increased to the stage 
when its dimensions become comparable to the 
wavelengths being measured. This limitation, 
which will certainly arise with high frequency 
waves, can only be met by decreasing the mass of  
the pick-up unit. In the example quoted the wave-
length is two feet and the base of four inches 
diameter is probably the largest possible in this 
case. 
On the other hand, this partial resonance of 
the base may be used to advantage in obtaining 
a magnification of a weak signal if the parameters 
are chosen correctly. 
Washburn and Wiley [1941] performed experi-
ments on the placement of a seismometer and ob-
tained results qualitatively in accordance with 
this theory. However, as the wave velocities in 
their experiments are not stated it is not possible 
to make a quantitative comparison. 
The functions f' and f2  quoted in this note 
refer to vertical translation of the instrument. 
The same paper gives results for the other de-
grees of freedom of the instrument and the reader 
is referred to the reference for the relevant func-
tions. 
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The Magnification Caused by Partial Resonance of the Foundation of a 
Ground Vibration Detector 
G. N. BYCROFT 
Abstract—This note is intended to indicate the values of magnification and phase shift 
arising in a ground vibration detector due to partial resonance of the instrument on the 
ground. Results from a previous paper by the author are used to derive curves of magnifica-
tion and phase shift. It is shown, by an example, that a typical geophone will give results 
grossly in error when the frequencies of the measured vibrations are high. 
Introduction—The typical inertia-type pick-up 
for measuring ground vibration, such as a geo-
phone or seismograph, has associated with it 
two mass-spring systems. The first system is 
that of the sensing mass and its constraint. The 
effect of the dynamics of this system is well 
known and need not be further mentioned. The 
second system consists of the mass of the pick-up 
frame and foundation and the elastic constraint of 
the ground. The mass of the pick-up will change 
the ground motion at the measuring point from 
what it was if the pick-up were not there. In 
certain circumstances magnification or attenua-
tion of the ground motion together with a phase 
shift will be significant. 
This note considers the value of this magnifi-
cation when the pick-up sits on a homogeneous 
elastic half space and is detecting sinusoidal 
waves of wave length large compared to the 
diameter of the base of the pick-up. 
In order to solve this system it is necessary to 
know the mechanical impedance of a rigid plate 
attached to the surface of an elastic half space. 
This, of course, is the main part of the problem 
and it has been considered by the author [Bycroft, 
19561. It is shown in this reference that the dis-
placement of a weightless rigid circular plate at-
tached to a semi-infinite elastic space and excited 
by a vertical sinusoidal force may be expressed 
by two functions of frequency fi and f2. 
These functions correspond to the in-phase 
and out-of-phase components of the displacement. 
The following notation is used and only a circular 
base is considered: 
= Lamé's elastic constants of the 
material 
P 	 = density of the material 
P = angular frequency of impressed 
force on the plate 
pp2 /(X + 2i) = h2 , pp 2 /,u = k2 , that is 2r//i is 
the wave length of the compres- 
sional wave and 27r/k that of the 
shear wave 
ro = radius of base plate 
P = amplitude of exciting force 
kr0 = a0 , 	that is, 	effectively 	a non- 
dimensional frequency factor 
h/k = r, that is, ratio of the wave- 
lengths and is nominally *, 
11, f2 are functions of a 0 and r and have been 
shown to be such that the dis- 
placement 	of 	the 	weightless 
plate excited by a force RPet 
is given by 
- 
U = R, 	(f' + 	) 
Wo 
These functions are shown in Figure 1. 
When the frequency or a 0 is small, the plate 
on the elastic medium acts as a weightless un-
damped spring and the function ft  corresponds to 
the static stiffness of the system. However, as the 
frequency is increased, elastic wave motion is 
generated in the medium and the inertia of the 
medium decreases the function fi . Waves are 
now being propagated outwards and not return-
ing. This energy loss is shown by the rise in value 
of the radiation component f2 . The actual ampli-
tude of the vibration is proportional to 
This characteristic droops with increasing fre-
quency and exhibits no resonance. The situation 
is similar to that of radio propagation from an 
aerial in free space. 
If mass is added to the plate we have then a 
mass on a damped spring, the stiffness and damp-
ing of which are functions of frequency. In this 
case damped resonance can occur. 
The particular application to a geophone will 
now be considered. If m 0 = mass of instrument 
case and its foundation sitting on a base of radius 
let b = mo/pro3 , that is, a non-dimensional 
mass-factor. 
Let the displacement of the ground at the 
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INTRODUCTION 
WHEN OUT-OF-BALANCE it.cijns are mounted on founda-
ions set in the ground, the problem arises as to whether 
esonance of the foundation can occur. Much experimental 
work has been done on this subject by the Degebo organiza-
ion of Germany (i)f, Crockett and Hammond (a), and 
nany other investigators, but none of this work has 
een approached from an analytical standpoint. This paper 
lescribes some experimental work and the comparison of 
he results with an idealized theory. 
Previous estimates of the 'resonant frequency' (it will be 
hown below that the name is a misnomer) have relied on 
rearing the system as a mass on a spring. The stiffness of 
he spring was taken as the static stiffness of the foundation 
s given by the classic formula of Boussinesq and the mass 
s the mass of the foundation plus an empirical mass 
epresenting the effect of the mass of the ground partici-
ating in the motion. This tentative approach made it 
ecessary to consider the problem more closely. 
The author () and  (4) considered the problem of forced 
ibrations of a rigid mass on a circular base attached to 
1e surface of a linear homogeneous undamped elastic 
aif-space, that is, an infinite extent of material bounded 
oly by a plane. The theory developed checked very 
[osely with experiments on a large mass of foam rubber. 
ithough ground is non-linear and inhomogeneous, the 
perimental work on ground quoted in this paper shows 
tat this theoretical model still gives a reasonable pre-
iction. 
otation 
Amplitude of vertical or horizontal translation, when 
loaded with a mass. 
that is, a non-dimensional mass factor pr.3 3 
 
that is, a non-dimensional moment of inertia. pr,, 
Young's modulus of the medium. 
ze MS. of this paper was received at the Institution on 2nd October 
1957. 
Division of Building Research, Physics Section, National Research 
Council, Ottawa. Formerly at Dominion Physical Laboratory, 
Department of Scientific and Industrial Research, Lower Hutt, 
New Zealand. 
A numerical list of references is given in Appendix I. 
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f, 12 Functions of a0 and v have been shown by Bycroft 
() to be such that the translation and rotation 
of the massless circular rigid plate is given by the 




and 	 . (1) 
M eiPt 
(fi+zf) 
I 	Moment of inertia of the mass about the vertical or 
horizontal axis. 
kr, 	a0, that is, a parameter which is proportional to 
frequency and is non-dimensional. It is used in 
place of frequency. 
M 	Amplitude of exciting couple. 
M0 Mass attached to the base plate. 
P 	Amplitude of exciting force. 
P Angular velocity of impressed force or couple, 
rad/sec. 
r0 	Radius of base plate. 
U Displacement, horizontally or vertically, of the 
unloaded plate. 
IL 	Modulus of rigidity of the elastic medium. 
V Poisson's ratio of the medium. 
P 	Density of the medium. 
pp2/4ie k 2, that is, 21T/k is the wavelength of the shear 
wave. 
Amplitude of vertical or horizontal rotation, when 
loaded with a mass. 
Angle of rotation of plate, horizontally or vertically. 
& 	Phase angle between exciting force and resulting 
displacement. 
GENERAL THEORY 
Consider a weightless rigid plate attached to the surface of 
the elastic half-space and excited by a sinusoidal force. The 
mechanical impedance of the plate will show inertia, stiff- 
ness, and energy-loss terms. The inérti comes from the 
mass of the medium in motion, the stiffness from 
the elasticity of the medium, and the energy loss from the 
propagation of elastic waves. If the medium has no true 
damping, elastic waves are generated and propagated as 
Vol 173 No 18 1959 
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Rayleigh waves to infinity. This means an energy loss. If 
the medium possesses damping, these waves are damped out 
and it can be shown that the loss in this latter case is that of 
the former, plus a term depending on the damping coefli-
dent of the medium. If the true damping is small this 
additive term is also small. The analysis shows that the 
displacement—frequency curve of this system is a drooping 
one and exhibits no resonance. This is to be expected as 
there are no characteristic lengths involved. 
Addition of mass to the plate changes the situation 
and makes it appear more like a mass on a heavy damped 
spring. Depending on the size of this mass a peak will 
occur in the response curve. 
The theoretical results are presented in a non-dimensional 
form and it has been shown that the displacement or rotation 
of the plate may be expressed in terms of two functions of 
frequency, f and f2. These correspond respectively to the 
in-phase and out-of-phase components of the displacement. 
The function 11 corresponds to the dynamic stiffness of the 




of freedom, translation horizontally and vertically and 
rotation about horizontal and vertical axes. The charac-
teristic functions for these four cases are shown in Figs. 1-4. 
The functions for rotation about a vertical axis, shown in 
Fig. 3, are independent of Poisson's ratio. 





pro= 	(1+ba02fi) 2 +(bao2f2) 2 
r- 
/_112+122 	 . (3) 
r0 'J (1 +b'a02f1) 2 +(b'aoZf7.) 2 
12 	 4 
tanb _f+ba 2(f2+f2) . . . . . () 
where the relevant values off,, f2 are taken from Figs. 1-4. 
These equations then give the amplitude of the vibration 
in terms of the various parameters. The amplitude and phase 
of vertical translation have been calculated for various 
values from equations (2) and (4) and are shown in Figs. 5 
and 6. It is seen that the maximum amplitude depends or 
the parameter b. A weightless foundation, shown by thc 
-Il 
12 
0 	 05 
a 0 
Fig. 3. Rotation About Vertical Axis 
0 	 U) 
Fig. 1. Vertical Translation 
Fig. 2. Horizontal Translation 
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0 	 V) 1.0 	 15 
Fig. 5. Amplitude Curves, Vertical Translation 
V = 
curve b = 0, exhibits no peak but only a drooping response. 
It may be mentioned here that typical machine foundations 
have b values ranging from two to ten. 
The characteristic functions for vertical translation are 
;imilar to those for horizontal translation as shown in Figs. 1 
md 2. Figs. 3 and 4 show that the two rotations are also 
imilar to each other. It is to be noted that the dissipation 
Ls much smaller in rotation for small values of a0 and, in 
the circumstances, when b', the non-dimensional moment 
)f inertia, is large, rotation is likely to cause more trouble 
than translation. 
The foregoing theory applies to an unstratified medium. 
If the rate of increase in elastic constants of the ground 
with depth is small with reference to the diameter of the 
ase, the same theory is relevant. However, a shallow 
;tratuin on a rock base will exhibit resonances in its depth. 
This theory was developed for circular foundations 
ecause of the simplification arising from cylindrical co-
)rdlnates. It shows qualitatively what happens with other 
ase shapes. The same theory is closely applicable to vertical 
b  
translation of a rectangular base with the following modifica-
tion. The radius r0  is taken as the radius of a circle of area 
equal to that of the rectangle. If A r  is the displacement of 
the rectangular base and A the displacement of the equiva-
lent circular base as given by equation (2), then 
A,.=mA .....(5) 
where m is a factor depending on a, the ratio of the longer 
to the shorter side. Values of m for various a are shown in 
Fig. 7, and were taken from Timoshenko (i). These 
values were adjusted to make m for a circle equal to 1. 
The situation in Timoshenko is for the static case but unless 
the frequencies are very high, will also closely refer to the 
dynamic case. 
	
.61 	I 	I 	I 	I 	1 	I 	I 
I 2 3 4 5 6 7 8 	9 
a 
Fig. 7. Relation of m and a 
EXPERIMENTAL INVESTIGATION 
A few tests on a practical foundation are described below 
and the results compared with the theory. 
A concrete foundation, 5 ft in diameter, 1 ft deep and 
heavily reinforced with channel was cast, in position, on a 
flat section of fill. Two types of mechanical vibrator were 
used in different speed ranges. The first was a standard 
ground thumper consisting of out-of-balance weights 
revolving in opposite directions about the same axis and 
providing a resultant vertical oscillatory force. The speed 
of this vibrator was limited by its mechanical design, that 
is, gears, etc., and a second vibrator was made consisting 
of a single out-of-balance weight mounted on the shaft of a 
variable-speed motor. A photograph of the low-speed 
vibrator and foundation is shown in Fig. 8. The high-
speed vibrator excited all the modes simultaneously but by 
Fig. 8 
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placing the vibration pick-up in certain positions the trans-
lations and rotations may be separated. This vibrator was 
capable of 4500 rev/mm, that is, 75 c/s. Speed was measured 
with a tachometer and displacements of the foundation by 
a Philips pick-up displayed directly on an oscilloscope. A 
small pick-up, indicating the zenith position of the rotating 
masses, and also displayed on the oscilloscope, gave the 
phase difference between exciting force and displacement. 
As the exciting force of rotating masses depends on their 
radius of rotation and speed, it was necessary to change the 
radius as the speed was changed in order to maintain a 
constant exciting force. This was done with the vibrator at 
rest. 
The elastic constants of any site are best obtained by 
measuring the wave velocities by geophysical methods. The 
necessary equipment was unavailable to the author at the 
time of the experiments and the elastic constants were 
obtained by measuring the static deflection of the foundation 
under a vertical load. 
Boussinesq's formulae give the static deflection of a rigid 
circular plate on a semi-infinite elastic medium as 
P(l - v2) 
2r0E 	
(6) 
A Poisson's ratio of v = 045 was assumed as a reasonable 
value for consolidated fill. It was found that the static dis-
placement was U = 00007 in. when the base was loaded 
with P = 1000 lb. The slow speed vibrator was run very 
slowly with large masses at a big radius. The result was a 
force of 1000 lb oscillating slowly enough to be considered 
static. The Philips vibration amplitude meter used is quite 
capable of measuring less than 00007 in. This procedure 
obviates difficulties of having no fixed datum and of creep. 
The significant parameters followed as: 
E = 274x 106 lb/ft2 
= 2(1±v) = 0.946.106 lb/ft 2 
With a density of p = 100 lb/ft 3, the other parameters are 
k = 0•0018p 
This makes the velocity of the shear wave 550 ft/s, which 
is a reasonable value for consolidated fill. 
a0 = kr0 = 00045p 
The weight of the foundation and vibrator = 3250 lb. 
Hence, 
3250 
b =  100x253 = 208 
The experimental results are displayed in non-dimen-
sional terms in Figs. 9 and 10, together with the theoretical 
ones. 
The correspondence is close enough to indicate that the 
functions of Ii  and  12, calculated for an ideal medium, still 
have significance in the case of ground. 
It follows that b values greater than 208 would show the 
same characteristics as in Fig. 5. 
Proc Instn Meck Engrs 
The measured phase difference is very much larger than 
predicted. This is because ground is heavily damped and 
the term to be added to the undampedf2  function, mentioned 
above, is comparatively large. 
This feature also accoints for the amplitudes being 
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Fig. 10. Horizontal Translation 
a0 = 0-0045p, b = 2-08, P = 500 lb. 
Theoretical curve. x x x x Experimental curve. 
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FOUNDATION SITE TESTING CONCLUSIONS 
It may be suggested that the amplitude of vibration of any (1) The theory allows a reasonable estimate of foundation 
proposed machine foundation be predicted by testing the vibration. 
site with a small vibrator. If the test vibrator is arranged 
to have the same a,, and b or b' values as the proposed 
Values of a0 and b which give displacements in the 
foundation then the value of the square root in equations (2) 
region of the peaks shown in Fig. 5 .  should be avoided in 
design. 
and (3) is identical. It follows then that -; 
An investigation of foundation sites by using a small 
A 	P r. 
1 
	I' 	M r portable test vibrator appears to be an important and. 	.' = 	
= 	
(7) Practicable method 
where the dash refers to the test case The conditions, that 
a,, and b or b be equal for both, are given by 
P 	r,,' 	m 	r,,3 	I,, 	r,,5 	 V APPENDIX I 
= 	 = 	
= 	 . 	. 	(8) 
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This approach has several advantages The elastic constants (z) DEGEBO. 	1936 'Deutsche Gesellschaftf(lr Bodenmecinnjk'. 
of the site will have to be found experimentally, in any 
case, and it may be as well to do a direct test 
CROCKETT, J H A and HaMMon, R E R 	1949 Proc 
Instn mech. Engrs; Lond., 	oL f60, p. 512, 'The Dynathlc with a portable 
vibrator and obtain the results for the foundation ins 
Principlesrof Machine Foundations  and Ground'. 
Aioti, Ri N., BYcRoFr, (1.. N. and WARBURTON. G. B. 
V mediatelY. 1955 Trans. Amer. Soc. mech. Biers, Y. appi. Mech., vol. 77, 
It also may be used for any base shape as long as the test p. 391, 'Forced Vibrations ot.a Body on an Infinite Elastic 	V 	 V 
base is geometrically similar to that of the foundation In 
this case, the ratio r,,fr,,' occurring 
Solid 
() Bycitopr, G N 	1956 Phil Trans A, No 948, vol. 248, 
in equations (7) and (8) p 327, Forced Vibrations of a Rigid Circular Plate on a 
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Lower Hutt, New Zealand 
Frequencies of a Flexible Circular Plate 
Attached to the Surface of a Light 
Elastic Half-Space 
The frequencies of free vibration of a thin, flexible, circular plate stuck to the surface 
of a massless elastic half-space are solved by an application of the Rayleigh-Ritz princi-
ple. The approximate fundamental frequency is considered in detail when the plate is 
clamped, free, or hinged at its periphery. The method of obtaining the higher frequen-
cies, such as those involving nodal diameters, is indicated. 
THE theory of the vibration of circular plates with 
various boundary conditions at the edge is well known. Such 
plates vibrate freely with both nodal circles and diameters. If 
the plate is stuck to a massless elastic half-space the frequencies 
of vibration are all increased by virtue of the increased potential 
energy of deformation. There will still be nodal circles and 
diameters. However, if the plate is unconstrained at its periph-
ery, a further family of frequencies appears. If the half-space 
possessed mass, the situation would be much more complicated. 
The vibrations would then be damped by the propagation of elas-
tic waves to infinity and the mass of the medium would have a 
considerable effect on determining this damped vibration. When 
the elastic medium is massless the problem may be solved by the 
Rayleigh-Ritz principle. This is of interest in that it is necessary 
to assume a shape of vibration of the plate and the medium, and 
a mixed boundary-value problem appears. Fortunately the 
dual integral equations arising have a known solution. The 
procedure is to assume a suitable mutual shape of vibration of the 
plate and the half-space, and determine the potential and kinetic 
energies involved. 
The Elastic Half-Space 
The stress distribution under the plate must be obtained for a 
general deformation of the elastic medium over the area of the 
plate. 
The equations of equilibrium of a weightless elastic medium in 
cylindrical co-ordinates are 
(X + 2j)2iz b&' 
	Moe
br - 7 + 2 
- = o 
bz 
(X+2) 1 bL ---2—+2t—=0 	(1) 
r bO 	bz 	Or 
bL 	2i b 	- 	2jzb&, 
(X+21h)— - 	(rwe)+ --=0 bz r Or r 
Now with Division of Building Research, National Research 
Council, Ottawa, Canada. 
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the Annual Meeting, New York, N. Y., November 30-December 5, 
1958, of THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS. 
Discussion of this paper should he addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until one month after final publication of the paper itself in the 
JOURNAL OF APPLIED MECHANICS. 
NOTE: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
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lb 	1 6 	bw 
where 	 = - - (ru) + - - + - r Or r bO bz 
bu 	bw- 	1 bw 	be 
2w = - - -, w 2 = - - - - 	(2) 
bz Or 	r bfI bz 
Co, lb 2 = - [Or r  
The notation is that of Love. 2 
The elastic half-space is considered as having the origin of co-
ordinates in its free surface and the z-axis perpendicular to this 
surface. A solution to the foregoing equations, symmetrical 
about the z-axis, may be taken as 
u = (A + Bz)eJ j (xr) 
v=0 	 (3) 
B(r 2 + 1) 
w = [A - 	 + Bz] e'Jo (xr) 
where A, B, x are arbitrary parameters, and 
T2 	
P 	 (4) 
X+ 2j 





zr=.l — + (6) ) 
\bz Or 
From equations. (3) and (5) it follows that 
iz = 2jz 
[(T2 	1) 




Ax— Bxz] e'J j (xr) 	(8) 
The shear stress under the plate may be neglected as having a 
small effect on the vertical displacements. Put i? = 0, z = 0, and 
the relevant displacement and stress on the free surface become 
2 A. E. H. Love, "Mathematical Theory of Elasticity," Dover 
Press, New York, N. Y., fourth edition, 1944, p. 288. 
w = A 1J0 (xr) 	 (9) 
zz = 2zA ix(7- 2 - 1)Jo (xr) 
These displacements may he generalized by considering A 1 as a 
function of x and intègratiflg with respect to x from zero to in-
finity. If the plate is of radius ro and vibrates in the shape g(r), 
when r is less than ro, then it is necessary to find A, (x) so that 
A 1 (x)Jo (xr)dx = 	r 	ro 	(10) 
2(r2 - 1) fo zA i (x)Jo (xr)dx = 0, r> r0 	(11) 
Put p = r/ro , 0 = .xr0 and these equations become 
± A 2 (0)Jo (Op)dO = gi(), p :5 1 	(12) 
To  fo ,  
A 2 (0) 	2a2 r1 y(' - y 2) 2 —=—cos0 • 	 dy 
To 	7r 	J0





f (1 - y 2a2) 2a sin aOda 
(19) 
[ 2 sin 0 	16 cos 0 	48 sin 0 
a21 	3 
0+3 02 03 
I 
128 	+ 128 
	
cos0 	sin  
L - ----  
The potential energy of deformation of the medium is 
V m = 7rr02 
fl 
 Ipdp 
• 	 (20) 
= 2r(1 - T2 )a2 101 ,(1 - p2)2dp f' eJ0(op)A2(0)do 
2(7- 2 - 1)
0A 2 (0)Jo (Op)dO = 0, p> 1 	(13) 	from equations (13) and (18). r02 fo,   The order of integration may be rearranged and from Sonine's 
fl 
 p(1 - p 2) 2J0 (Op)dp 
= J sin 0 cos° 0 J0 (0 sin 4,)d4, 
- 4J3 6)F(3) 




O 1 +a/2J +a/2 (0) 101 y + l(1 	y2)a/ 2g (y)dy 
+ 	a(1 - a2)a/2da [ f q(ya)(0y)2+a/2J 1 /2(0y)dy] 1(0) = F(l + a/2) 	i 
This solution is valid for 	 Then 
Busbridge (1938) 3 gave the solution of the following pair of in- 	first finite integral, 
tegral equations: 
10 Oaf (0)J(p0)d0 = g(p), 0 < p < 1 	(14) 
(21) 
f(0)J(pO)d0 = 0, p > 1 	 (15) 
(16) 
a>-2 or (—-1)<(cr-1/2)<(p+1) 
The function g(p)  must be integrable over the interval (0, 1). 
Equations (42) and (13) are a particular ease of equations (14) 
and (15), and it follows that 
A 2 (0) 	2 	1  ygj(y)dy 
cos 0 





f g(ya)aO sin a0da (17) 
Plate Clamped at Periphery 
The plate is assumed-to he stuck to the surface of the medium 
and clamped at its periphery. 
A suitable form for the shape of the plate during vibration may 
be taken as 
W = gi (p) 	a(1 - 	 (18) 
n=2  
V. = 8sroa22F(3)(1 - r2) 
ja J3 (0)
{ 




48 sin 0 	128 COS 0 
- 03 	- 0° 
+ 
128 sin O}] dO 
(22) 
0° 
This integral may be evaluated by replacing the Bessel function 
by a Hankel function and integrating around an infinite semi-
circle in the upper half-plane, indented at the origin; i.e., 
- f J3(0) 	2 sin 0 	16 cos 0 	48 sin 0  0 	•' 3 	0 + 3 02. 0 
128 cos 0 	128 sin 0 
- 	
+ (23) 0  
1 
 fa [H
3 (')(0) + H3(2) (0)] 
-- - 2 	 92 	x 
This series is symmetrical and satisfies the boundary conditions 
[0.401 + 0.08602 - 0.00640 4 ] +dO at the edge of the plate; i.e., both the displacement and the slope 
vanish there. In order to simplify the detail only one term is con- 	1 
sidered. This will give a close approximation to the fundamental = 	
H3W(0) 
[0.401 + 0.0860 - 0.00640] +dO 
frequency. More terms must be considered in order to deter- 
mine the higher harmonics. 
From equation (17) 	 The only singularity is a multiple pole at the origin. The con- 
tribution to the residue at this pole from the Hankel function 
3 I. W. Busbridge, 'Dual Integral Equation," Proceedings, London comes from the Y 3 (0) part. If Y 3 (0) is expanded in a series about 
Mathematical Society, vol. 44, 1938, p. 115. 	 the origin we have 
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• 	 - 	
(0/2)T3-2 	 (24) 
-The last three terms are the only ones which contribute to the 
residue; i.e., to the coefficient of 0 1 . It follows that 
• 	1 0.401i0.086X2i0.0064X16i 
	
2( 	4. 	 J 	(25) 
= 0.085 
and 
V m = 1.36pr0a22(1 -  7 2) 	 (26) 
Timoshenk0 4 quotes the potential energy of symmetrical bend-
ing of a circular plate as 
d2CO 	1 dW )2 
for, ~ ( 	 r dr 
d2o, 1 dw 
—2(1—v)---------rdr (27) 




12(1 - 2) 
v = Poisson's ratio 
E = Young's modulus 
h = plate thickness 
Substitution of the assumed deflection gives 
= 32rDa22 	
(28) 
If -y = density of the plate, the kinetic energy, when vibrating 
at angular frequency pj, is 








g 	J. 	r0 2 	 lOg 
If one equates the total potential energy of the system to the 
kinetic energy, the fundamental frequency becomes 
Pr = 	[(106.7 + ai)] 	 (30) 
Yh  
where 
- r2)r0 3 
a1 = 
D 
This term a 1 represents the effect of the elastic medium in de-
termining the frequency. - 
Free Plate 
The plate is assumed in this case to be unconstrained, except 
for being stuck to the elastic medium. 
S. Timoshenko, "Vibration Problems in Engiheering," D. Vail 
Nostrand Company, Inc., New York, N. Y., second edition, 1937, p. 
427. 
A Dini series in the parameter p may represent any shape of 
vibration of the plate. If the coefficients are chosen by the Ritz 
criterion of minimum frequency, this series then represents the 
shape of vibration of the plate when completely unrestrained. A 
constant term must be added to the Dini series to represent the 
finite displacement at the edge p = 1. 
The shape of vibration is taken then as 
W = b + 	a,,Jo (A,.p) 	 (31) 
where J0(A,,) = 0. 
In order to determine the function .42(0) given by equation 




J 	sin 0 J0 (A,. sin 0)d0 	(32) (1 	y2)h/2 
sin A 
A 
from Sonine's integral. 
Similarly 
1  yJo (A,,ay)dy - sin (Xa) 
( 	
o (1 - y2)/2 	X,.a 
and 





0[0. sin X. cos 0 - A,. cos A,,sin 01 
A,. 	(X,. 2 	0 2) 
The other integrations follow simply to give 
A 2 (0) 	2b sin 0 	2 	 sin A,. 
= 	 + -- cosO 	a,.— 
ro irO ni 	A,. 
a,. [O sin X,.  Cos  0 - X,, cos A,.. sin 0j 	35) 
n=i 	
(A,.2 - 02) 
From equati ons (13) and (35) the vertical normal stress, con-
sidering the first two terms only, is 
4(l - 
r2)0J0(01d) 




aO[sin A0 cos 0 - A cos A sin 011 
A • 	 (A2 - 02) 	
. (W (36) 





[AJ0(0).1 1 (A) - 0J0 (X).J(0)] (37) 
= (A2_02) 
whereJo (Aj =0,-and 
p 	 (38 
J8) 
J Jo (Op)dp - 0 
we have 








Fig. 1 Relation of amplitude ratio alb to the factor # for v = 1/4 
quency vanishes and 7' for the first frequency is 9.01; i.e, the co-
efficient for a free plate when v = 1/4. As 13 increases the second 
frequency appears. When /3 tends to infinity by virtue of D 
tending to zero, we have the situation of a plate with mass but no 
rigidity oscillating on an elastic medium. There are two fre-
quencies and they are given by 
4.72 rgMro'(l - 
Pi=7[ 	7h 	
(51) 
V = 4ro (1 - r') f 
H0 + 	 + A 	 (A' - 02) 	 dO (39) 
b sin 0 a sin A cot 0 	aO (0 sin A cos 0 - A cos A sin 0) 
aAJ1 (X)OJ0 (0) 0 [ 
	
X bJ 1 (0) + 
( - 0 2) 
The foregoing may be integrated as before by replacing the Bessel 	This equation gives two values of the ratio alb of opposite sign. 
function by its corresponding Hankel function and integrating They correspond to two modes of vibration of the plate; i.e., 
around an infinite semicircle in the upper half plane. 	 when the concavity of the plate is on the same side or opposite to 
0 cos 0 J,(0) 	1 	0 cos 0 H,'(0) 	
that of the medium. 
____________ With the ratio just given, equation (48) determines the fre- 
1" 
	
(X -  02) dO = 2 (x2 - 02) 
dO 
quency. 
(40) 	Equation (48) may be more conveniently written as 




02J,(0)(0 sin A cos 0 - A cos A sin 
0) dO 
(A' - 0 2) 2 








J, (0) sin 0 dO = 1 
	 (43) 
f0 
(X sin A cos 0 - 0 cos A sin 0) 	 sin A 
(A' - 02) 	
J1 (0)dO = 	(44) 
The only pole in this case is at 0 = 0 where H,'(0) is of the 
order 0'. 
Insert the root A = 2.405 and the potential energy becomes 
V m = iro(1 - 7-2)(1.5900 + 2.248ab + 02) 	(45) 
The potential energy of bending of the plate follows from equa-
tion (27). Some of the integrals occurring may be evaluated from 
the recurring relations of Bessel functions and the rest numerically. 
The potential energy of bending is 
= 5.7807rDa2 (0.508 + 0.264v) 	(46) 
The kinetic energy is 
g 	 ro
k 
= fr' r  1b + aJ, ( 
	
dr 
= ir'yhp2ro ' 
(0.1355a' + 0.433ab + 0.5b') (47) 
g 
Equate the potential and kinetic energies and 
gD[(9.2 1 + 4.79v  + 1.590/3)a2 + 2.248/3ab + 413b'I 
P 2 = 	 (48) ir'yhro 4 (0.1355a2 + 0.433ab + 0.50) 
where 	 0 - 
 
- 	D 
where T is a function of 3 and P. Figs. 1 and 2 show alb and 7' 
for v = 1/4 and various values of 3. 
When /3 = 0 we have the case of a free plate, the second Ire- 
-. 
This frequency is made stationary by differentiating with re- 	 1.53 rg,1r,'(l - r2) V2 	 (52) 
spect to a/b and equating to zero; i.e., 	 = r.2 [ 	yh 
(4.61 + 2.39v 
 + 0.255)3) ± (21.2 + 5.68v' + 0.298/32)1/2 
a 	 k+ 22s' + 4.76)3 + 2.48/3' (49) 
b - —(3.98 + 2.07v + 0.383/3) 
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Hinged Plate 
If the plate is hinged at its periphery, the fundamental fre-
quency may be obtained from the previous case, by suppressing 
the b-term in the assumed displacement. The fundamental is 
1 r Dg 	 1',' I - (21.70 + 11.25v + a2) I 	(53) 
ToL7h 
and 
7.460iro 3(1 - r2) 
Higher Modes 
The higher symmetric modes follow by taking more terms in 
20 	40 	60 	80 	100 	the respective series. Unsymmetrical modes involving nodal 
diameters may be obtained by introducing solutions to equations 
(1) involving Jm (xr) 	(mO) and similar adjustments to the 
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ELECTRICAL ANALOG FOR EARTHQUAKE YIELD SPECTRA 
G. N. Bycroft, 1 M. J. Murphy, 2 and K. J. Brown3 
SYNOPSIS 
An electrical analog has been designed to simulate a damped single degree 
)f freedom, elasto-plastic structure subjected to an earthquake. Yield dis-
)lacement spectra of the 1940 El Centro earthquake are shown. It is suggest-
d that this approach be the basis of a more relevant analysis. 
INTRODUCTION 
Earthquake resistant design of structures still rests largely on an empiri-
al basis. A complete analysis of the situation presents great difficulties. 
Buildings have been treated as simple, linear, damped, oscillatory systems of 
ne or more degrees of freedom. Spectra have been produced by several in-
vestigators, showing the build-up of acceleration in such a system when sub-
jected to actual earthquakes. These spectra show that in a large earthquake 
and with a reasonable damping factor, structures with periods in the approxi-
mate range of 0.2 to 0.5 secs will experience accelerations of up to 1 g. 
Structures would certainly not stand these accelerations without yielding or 
[ailing. The question arises as to whether the assumption of a linear analysis 
is tenable. It is observed that in large 'quakes structures are often stressed 
Lo the point of cracking of concrete or of mortar joints but remain otherwise 
sound. It is suggested that in these cases the structures have worked through 
a. yield cycle. 
Note: Discussion open until March 1, 1960. To extend the closing date one month, a 
written request must be filed with the Executive Secretary, ASCE. Paper 2197 is 
part of the copyrighted Journal of the Engineering Mechanics Division, Proceedings 
of the American Society of Civil Engineers, Vol. 85, No. EM 4, October, 1959. 
Senior Scientific Officer, Eng. Seismology Section, Dominion Physical Lab., 
Lower Hutt, New Zealand. Now Research Officer, Bldg. Physics Section, 
Div. of Bldg. Research, National Research Council, Ottawa, Canada. 
Chief Mech. Engr., Dominion Physical Lab., Lower Hutt, New Zealand. 
Technical Officer, Eng. Seismology Section, Dominion Physical Lab., 
Lower Hutt, New Zealand. 
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A building code consistently based on the linear spectrum is impracticabi 
because of the cost of designing for such large accelerations. It may well bc 
that codes used in practice which design for accelerations much lower than 
those predicted on a linear basis already implicitly allow for yielding of the 
structure without explicitly stating so. It is proposed that we accept yield ar 
base our code on a consideration of the safe extent and implications of this 
yield. 
This paper is concerned with the preparation of yield displacement specti 
of a simple damped oscillator subjected to the N-S component of the El Centi 
earthquake, May 18, 1940—the worst earthquake so far recorded. 
Mechanical System 
The mechanical system considered is that of a mass and a stiffness 
member having an elasto-plastic restoring force. The restoring force is pr 
portional to displacement up to the yield point and then stays constant. If the 
velocity now changes sign the force displacement characteristic decreases 
along a line parallel to the initial linear portion. The hysteresis loop is thus 
a parallelogram. The system is also damped both in the elastic and inelastic 
ranges. It is assumed that whatever causes the damping continues to do so 
•after yield takes place. When such a system is subjected to an impulsive ex 
citing force of the nature of an earthquake, the initial impulses set the oscil-
lator swinging in its elastic range. At some stage an impulse from the earth 
quake may force it beyond the elastic range into the plastic range. It now 
oscillates about a new zero. Further impulses may increase or decrease thi 
"permanent set". 
The number of yield displacements, their extent and the final permanent 
set of such a system is a function of period, damping, yield value, and the 
particular earthquake considered. 
The Analogy 
An electrical analog has been set up to measure the maximum yield dis-
placement, the total energy dissipation and final permanent set of this me-
chanical system. This analog is basically the same as that used by Murphy, 
Bycroft and Harrison(l) for finding stresses in multi-storey structures. It 
has been modified in that biased diodes have been placed in parallel across 
the active condenser to produce the analogy of the mechanical hysteresis loo] 
The basic circuit is shown in Fig. 1. The condenser diode branch behaves a 
a condenser as long as the applied voltage is less than the biasing voltage. 
If an attempt is made to raise the voltage above the biasing voltage currer 
flows through one or other of the diodes. 
The following notation is used: 
m 	= mass of the structure 
k 	= stiffness between the mass and ground 
w 	= 	= angular frequency of the mechanical system 
= viscous damping coefficient 
x 	= displacement of the mass relative to the ground 
ELECTRICAL ANALOG 	 45 
1 	 L 
FIG. I. ELECTRICAL ANALOG. 
x0 	= displacement at which the structure yields 
kx 	= F = yield force 
w2xo/g = G = fraction of gravity at the yield point and will be called the 
yield value 
of (t) 	= the ground acceleration 
= C/2wm = fraction of critical damping 
= inductance 
= capacitance 
= 	= angular frequency of the electrical circuit 
= resistance 
= R/2p1 = fraction of critical damping 
= current fed into circuit 
= loop current 
= bias volts on the diodes 
= charge corresponding to current i 
= charge corresponding to current I 
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The equation of motion of the mass is simply, 
= —)(x-Y),  
= _Fsn  
where Y is the algebraic sum of all the yield displacements up to the time 
sidered. A loop analysis of the electrical circuit gives 
= 
where e is . the algebraic sum of the charges which have flowed in the diod 
branch of the circuit up to the time considered. 
These two equations are identical and the analogy follows. However, it 
necessary to work at much higher frequencies in the electrical circuit tha 
the mechanical circuit. In the system used the earthquake accelogram c( 
was scanned p times as fast as it actually occurred and the resulting volta 
integrated. A current 1(t), proportional to this integrated voltage, was fed 
the circuit. Thus 
Q 
dt 
Eqs. (1) and (2) may now be rewritten to give 





Put pt = T and Eq. (5) becomes, 
+ + ___A =  
-7- 	 f dT 
= 
c 
Eqs. (4) and (6) show that if 
i.e. same damping factor in both systems and 
ELECTRICAL ANALOG 	 47 
n - 
This permits the analysis of a structure of varying frequency by changing 
y the scanning rate of the earthquake in the electrical circuit. 
The displacement of the mass at any time is the sum of elastic and yield 
nponents. The following displacements are considered. 
Maximum Yield Displacement 
This is defined here as the maximum elastic displacement x 0 sub-
tracted from the maximum over-all displacement measured from the 
initial zero that occurs during the passage of the earthquake. It is the 
maximum value of the algebraic sum of the yield displacements where 
signs of the yield displacements are taken to be the same as the veloci-
ties. 
Total Yield Excursion 
This is the sum of all the yield displacements added irrespective of 
their sign and is a measure of the plastic energy dissipated during the 
passage of the earthquake. 
Permanent Set 
The residual displacement remaining after the passage of the earth-
quake will be known as the permanent set. 
General Arrangement 
The reader is referred to Murphy, Bycroft and Harrison(1) for a more de-
led account of the driving and recording parts of the analog. 
Briefly, the earthquake accelogram is mounted on the outside of a 30 in. 
m. revolving drum. One side of the accelogram is blacked out and the 
tole scanned by a light slit and photocell. The resulting voltage, proportion-
to acceleration, is amplified and integrated. A current I proportional to 
Ls voltage is fed from a pentode into the yield circuit and the voltage on the 
spective measuring condensers is photographed on a cathode ray oscillo-
ope (C.R.O.). The wheel is speeded up to 600 r.p.m. and allowed to decay 
der an eddy current brake. The response of the circuit for each passage of 
earthquake is photographed on the C.R.O. The film is moved forward each 
volution of the wheel by a uni-selector switch driven from a timing mark on 
e drum. The slowing down of the drum changes the parameter p and permits 
analysis of structures of different periods. The decay of the wheel is slow 
d a very detailed spectrum is obtained. 
A few modifications to the original analog have been made. A phase in-
rsion and switching stage has been incorporated so that for certain of the 
easurements needed here every alternatate earthquake impulse is inverted. 
order to make quite sure that the circuit is in a quiescent condition before 
e next presentation of the earthquake, the measuring side of the condenser 
shorted to the high tension (H.T.) by relays after each passage of the 
.rthquake. 
A cathode follower stage has been inserted between the measuring point 
A the oscilloscope so that the oscilloscope presents an impedance somewhat 
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eater than sixty megohms. A photocell operated from a timing mark on the 
eel triggers the relays and the camera drive. As in the previous analog, 
nute marks appear on the film from the second beam of the C.R.O. The 
;tance between these minute marks on the film gives the period of the 
ucture at the middle point of the marks. 
Fig. 2 shows the circuit for measuring the maximum yield displacement. 
.ch alternate earthquake signal is reversed by the phase inverter and fed 
o the circuit. 
A D.C. current flows from the plate of the pentode through the coil to H.T. 
d as the coil has a sensible resistance the D.C. voltage drop across it is 
lanced by a battery. Final balance is secured by the small variable balanc-
resistance. This ensures that the diodes are equally biased. 
L 	= coil of inductance, 17.24 henries 
Rd = damping resistor, 100 ohm to 30 kohm 
eb 	= balancing battery of 12 volts 
Rb = balancing resistor 0 - 500 ohm 	 (10) 
Cr = resonant condenser of 0.003 jd to 0.05 if 
Cm = measuring condenser 0.1 if to 16 if 
S 	= shorting switch on measuring condenser 
= biasing voltage 
The measuring condenser Cm  consists of a bank of condensers, a particu-
r condenser being selected in any particular circumstances so that the 
ltage drop across it is small compared to the biasing voltage. Its position 
the circuit is such that it measures the total charge that has flowed in the 
ode branch and thus is a measure of the yield displacement at any instant. 
g. 3 shows the arrangement for measuring the total yield excursion and the 
sidual permanent set. 
The earthquake is fed in the same way all the time and the switching stage 
is used to switch alternately between the measuring condensers Cm.  As 
ese condensers measure respectively the current through each diode they 
Id up the total yield in one or other direction. The switching stage adds them 
sitively on the oscilloscope and gives the total yield distance irrespective of 
gn. Subtraction of the yields in the two directions gives the permanent set. 
vitches S1 and S2  discharge the measuring condensers after each passage of 
e signal. 
Setting-Up and Calibration 
Before each run the resistance Rb and battery eb were adjusted so that the 
sistive drop in the inductive branch was balanced by eb.  An infinitely stiff 
ructure will yield when the base acceleration is equal to the equivalent yield 
unt acceleration Gg. This may be used to set up the gain control. 
Fifty-nine volts were chosen to represent the maximum acceleration of the 
[Centro earthquake i.e. 0.32g. This infinitely stiff structure is simulated 
removing the resonant condenser Cr.  The diodes are then biased at 59 
lts and the gain of the amplifier increased until the diodes just fire. This 







FIG.3. TOTAL YIELD EXCURSION AND 
PERMANENT SET CIRCUIT. 
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s the required gain setting. The bias voltage is then changed to 59G/0.32 
rolts to represent the particular yield value G required. 
Calibration is effected by measuring the voltage across the inductance L 
with the diodes and resonant condenser Cr  removed. This is photographed at 
he beginning of each run. 
It is necessary to determine the relation of voltage on a measuring con-
lenser with displacement in the structure. Imagine the resonant condenser 
r to be very small, i.e., C o . This corresponds to a building being very 
igid—the conditions of calibration. If kcj is the stiffness of this very rigid 
)uilding and Ag the maximum earthquake acceleration, the maximum relative 
nechanical displacement is given by 
0 
S = 	 ( 11) 
md this displacement is shown as the calibration height Z on the film. On a 
igger measuring condenser Cm the displacement S would show as a call- 
zC0 
Dratlon height of Co  Using 
Cm 	
= )r Cr 	 (12)J o c o 
Lt follows that a height y on the film represents a mechanical displacement of 
	
'A T 	 (13) 
ZCr 77 
where T is the structure period. 
Checking 
All components are accurate to within 1% and the over-all linearity of the 
amplifiers is within 3% from 40 cs/sec to 10,000 cs/sec. The behavior of the 
analog was checked by measuring the yield taking place when a single square 
wave is applied to the system and comparing this with the theoretical value. 
The results are shown in Fig. 4. The theoretical and experimental ratios of 
yield displacement to elastic displacement are shown as VT and Ce plotted 
against ji the ratio of pulse length to the period of the oscillator. Two values 
of the ratio of pulse height A to yield value G were taken. 
Results 
Typical shapes of the yield displacement during the passage of the earth-
quake are shown in Fig. 5 for two structure periods. These are photographs 
taken directly from the C.R.O. displayed on a time base. They show yield 
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FIG .4 SQUARE WAVE CHECK OF ANALOG. 
Figs. 6, 7, 8, and 9 show the maximum yield displacement taking place for 
various yield values G damping coefficients A and periods T. The maximum 
elastic displacement x 0  corresponding to the particular yield value is also 
shown. An addition of the two displacements gives the maximum over-all di 
placement from the initial zero. Figs. 10, 11 and 12 give the total yield ex-
cursion and if this distance is multiplied by m G it gives the value of the 
plastic energy dissipated in the structure. The permanent sets are given in 
Figs. 13, 14, 15. 
These results have several interesting features. It is, of course, to be ex 
pected that increasing the damping and yield values will greatly decrease the 
yield displacements. If a building is designed to the common rule of with-
standing one tenth of its weight horizontally, safety factors will determine its 
yield value probably between G = 0.175 and G = 0.24. Practical damping 
ratios A generally lie between 0.1 and 0.2. Figs. 8 and 9 show that the upper 
and Iower limits of the maximum yield displacement occurring in this range 
of parameters are 1.2 inches and 0.2 inches. However, these limits occur at 
periods between 0.5 and 0.7 seconds. As single degree of freedom structure 
will generally have periods rather less than these, the significant maximum 
yield displacements will be smaller. 
It may be seen from the figures that the period corresponding to the large 
of the maximum yield displacements depends on the yield value. This period 
becomes shorter with increasing yield value. With the small yield value of 
0.06 the largest yield occurs at about 2.5 seconds and is large. However, 
single degree of freedom structures almost invariably have periods shorter 
than 0.5 secs, and the yield displacement of up to ten inches is irrelevant. 
The relevant maximum yield displacements for G = 0.06 will be less than two 
inches. If one considers the case of G = 0.12 it is seen that the maximum 
yield displacements will be less than one inch. A typical single degree of 
freedom structure will have a period of about 0.3 secs and damping ratio 
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FIG. 5. YIELD DISPLACEMENT 
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FIG. 7 MAXIMUM YIELD DISPLACEMENTS 
.S =0-12 
0.10. The maximum yield displacement in this case for yield values of 
06, 0.12, 0.175, and 0.24 is respectively 1.6, 0.6
1 
 0.3, and 0.24 inches. In-
itively, one feels that even a yield of 1.6 inches in a storey height of, say, 
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Building Period T Seconds: 
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FIG.lQ. TOTAL YIELD EXCURSION. 
012 
The total yield excursion is seen to have the same general character as 
the maximum yield displacements. It is generally bigger because several 
yields will have taken place during the passage of the earthquake. However 
in the case of G = 0.12 and a period greater than about two seconds, only on 
yield occurs and this is shown by the fact that the maximum yield dis-
placement, total yield excursion and permanent set are all equal. The pern 
nent sets have the same general character and in the region of 0.3 secs per 
are reasonably small. 
The extent to which a structure may safely yield is a subject needing ex -
tensive investigation. However, the other determining factors such as per-
missible movement of the structure and Its permanent set are more easily 
decided on. 
Figs. 16 and 17 compare elastic and elasto-plastic designs. 
Two yielding designs of A = 0.10, G = 0.175 and A = 0.20, G = 0.2, have 
been chosen to represent the probable upper and lower limits of these para 
ters. The figures compare the accelerations built up in the elastic case wil 
the yield value acceleration Gg of the inelastic case and also the resulting c 
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FIG. II. TOTAL YIELD EXCURSION. 
5 =0175 
to allow for accelerations of up to 0.52 g. Fig. 17 shows that if yield is per-
mitted the total movement is about the same as would occur in a linear 
system. 
CONCLUSION 
Research is needed to determine permissible yielding of plastic hinges. 
When this is decided an analysis of the type described may be used to design 
a structure in a consistent manner. The paper attempts to show that many 
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FIG. 12. TOTAL YIELD EXCURSION 
5 =024 
structures designed to the basis of 0.1 g acceleration must yield in large 
earthquakes but that the consequences of this are not particularly serious. 
The total movement is often less than if the structures had been designed 
linearly up to 0.52 g. The extent of the yield displacements is generally less 
than an inch, and an inch yield movement of one floor to another represents 
an extremely small plastic strain in the plastic hinges. The permanent sets 
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FIG. 14. 	PERMANENT SET. 
5 =0175 
are in general small and would be within the building tolerances. It seems 
very likely that design coefficients could be safely lowered in buildings wher 
plastic hinges are available. This applies particularly to steel framed 
structures. However, if the yield value was lowered too much the resulting 
increased displacements would probably be the limiting factor. 
Other building types such as bearing wall buildings or buildings involving 
pre-stressing do not fall into this category. It would appear logical that thes 
types should be designed for accelerations of up to half that of gravity. 
Dr. B. W. Faulkner( 2) kindly pointed out to the authors one result of allow 
ing dynamic yields to take place. Where any of the plastic hinges have a stat 
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FIG. 15 	PERMANENT SET. 
5 =024 
bending moment due to the weight of the structure a permanent set will arise 
superimposed on the permanent set caused by the asymmetry of the earth-
quake. This feature may increase or decrease the fundamental permanent set. 
The yield spectra of more earthquakes must be determined before definite 
conclusions are reached. It is likely though that they will not differ substanti-
ally from the one earthquake considered here. 
The authors hope to analyse more earthquakes on the same basis and to 
extend the work to yielding of multi-storey building frames. 
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WHITE NOISE REPRESENTATION OF EARTHQUAKES 
By G. N. Bycroft 1 
SYNOPSIS 
This investigation is intended to show that white noise is a suitable repre-
ntation of earthquake motion. It appears that a white-noise source used in 
)njunction with an analog computer is a convenient method of analyzing 
bructures subjected to complex ground motions and of assigning probabilities 
the deformations arising. Until more statistical information is available 
bout earthquakes, it is suggested that a "standard large earthquake" be 
epresented by "white" ground accelerations having a flat spectral density of 
.75 ft2 /sec4/cps and a duration of 1/2 mm. 
INTRODUCTION 
One of the major difficulties in determining suitable aseismic designs lies 
a the lack of knowledge of destructive earthquakes. Accelograms of a few 
arge earthquakes are available and these records show very complex ground 
notions entirely different from each other. They are different in energy con-
ent or size" and different in duration and shape. Earthquakes of the future 
Note. —Discussion open until September 1, 1960. To extend the closing date one 
onth, a written request must be filed with the Executive Secretary, ASCE. This paper 
3 part of the copyrighted Journal of the Engineering Mechanics Division, Proceedings 
f the American Society of Civil Engineers, Vol. 86, No. EM 2, April, 1960. 
1 Research Officer, Bldg. Physics Sect., Div. of Bldg. Research, Natl. Research Coun-
ii, Ottawa, Can. 
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will not necessarily bear any relation to those in the past and no prediction 
the severity and character of future earthquakes can be made. Two earti 
quakes having the same energy content will have different effects on any pai 
ticular structure. Each individual earthquake, of course, has a specit 
character and a specific effect on a particular structure, but this character: 
not predictable. 
Many investigations of structural vibration due to ground motion have be 
made on a deterministic basis, using actual records of earthquakes and dE 
termining the deformations that would occur in various types of structure: 
This approach would be satisfactory if a large enough number of records wei 
available and the results displayed on a probability basis. Until this is pos 
sible recourse to another mode of attack must be made. 
Earthquakes originate as ill-defined slip-faults followed by innumerabJ 
reflections, refractions, and attenuations by the complex terrain through whic 
it travels. Intuitively, one feels that the essential characteristic of the earti 
quake is its irregularity. Many writers 2, 3, 4 have suggested simulating earti 
quakes by a random assemblage of impulses. In order that white noise shou] 
simulate an earthquake it must have the same effect on the kinds of dynami 
systems that arise in structures. A linearly-elastic and elasto -plastic struc 
ture are considered herein. 
LINEAR ELASTIC STRUCTURE 
The response of a linear structure of many degrees of freedom to grour 
motion may be written in terms of the spectrum of that ground motion. Let 
a (t) = the ground acceleration; 
v (x, t) = velocity of some point of the structure; 
Tn = period of the nth  harmonic; 
K (x, T) = harmonic "weighting" factor and is a function of the structur 
only; 
p 	= number of degrees of freedom; and 
= fraction of critical damping of the nth harmonic. 
then, 
-2 r X n 
P 	 t 	T 	
(t - T) 
v(x,t) = n1 K(x,T) f a(r) e 	n sin -(t - r) dr 
Eq. 1 states that the response of a multi-degree-of-freedom structure i 
the sum of the responses of the various modes or harmonics. The earthquak 
excitation occurs only in the integral factor and consequently this is the oni 
factor we need consider. 
2 "Response Spectrum Techniques in Engineering Seismology," by D. E. Hudson, Pro 
ceedings, World Coal. on Earthquake Engrg., San Francisco, Calif., June, 1956. 
"Some Applications of Probability Theory in Aseismic Design," by E. Rosenbluetl 
Proceedings, World Conf. on Earthquake Engrg., San Francisco, Calif., June, 1956. 
"Response of Tail Buildings to Random Shakes," by A. Cemal Eringen, Tech. Re 
port No. 12, Office Naval Research, Div. of Engrg. Sciences, Purdue Univ., Decembei 
1957. 
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The velocity spectrum of the ground motion is defined as the maximum 
lue of this integral, that is, 
-2 r X 
	
t 	 (t-r) 	2r 
V(x,T) = Max f a(T)e 	T 	sm ---  (t - r)dr . . . (2) 
ci is a function of period and damping only. 
Spectra of several large earthquakes have been calculated and are well 
own. 5  The spectra are all different in detail but have the feature in common 
A they fluctuate rapidly, with respect to period T, about a mean line which 
rts at the origin and rises asymptotically to a constant value. G. W. 
usner drew6  smooth mean curves through these oscillatory spectra and 
Lind that these smooth curves have almost the same shape for different 
rthquakes. The actual scale of the spectra varies according to the size of 
e earthquake. The full lines in Fig. 1 are taken from Housner's work 6 and 
ow the shape of these common average spectra, and the particular scale of 
shown is that of the largest earthquake recorded, viz., El Centro, Calif., 
40. 
The writer used an analog computer to construct mean spectra of bursts 
"white noise" for comparison with the mean spectra of Fig. 1. "White 
use" is defined as a random signal having a gaussian probability of ampli-
de distribution and a spectral density which is constant for all frequencies. 
to spectral density at any particular frequency may be regarded as the 
rerage power passing when the signal is filtered by a narrow band pass fil-
r centered at the particular frequency. In practice, of course, one en-
)unters "band-limited white noise," that is, the spectral density is only 
)nstant up to a certain frequency and is then rapidly cut off. As long as this 
equency is large compared with the frequencies of the system being con-
.dered, the response of the system is unaffected by the value of the cut-off 
)int. The computer used provides a band-limited white noise having a spec-
al density flat from 0 to 35 cycles. 
The equation of motion of the mechanical oscillator subjected to an ac-
leration a(t) is simply, 
k+2c'xx+w 2 x=a(t) ..............(3) 
which x is the displacement of the mass relative to its zero position and 
is the angular frequency of the oscillator. Variables in the computer are 
presented by voltages having an allowable maximum of 100 volts. If x is to 
we an expected maximum of V ft per sec the mechanical equation is scaled 
L
[ioo X I 2 	[10 c] 	 100 V CO 	+ + L.- [100 w xl V 	j = V-- [a(t)] .....(4) 
'here the terms in square brackets are the respective computer voltages. 
5 "Spectra Analyses of Strong Motion Earthquakes," by J. C. Alford, G. W. Housner 
nd R. R. Martel, Earthquake Research Lab., Tech. Report to Office of Naval Research, 
alif. Inst. of Tech., Pasadena, August, 1951. 
6 "Limit Design of Structures to Resist Earthquakes," by G. W. Housner, Proceed-
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FIG. 1.—EARTHQUAKE AND NOISE SPECTRA. 
EARTHQUAKE REPRESENTATION 
If W(t) is the actual voltage of the noise source and X the computer van-
in volts corresponding to x, we may write the equation as 
x+2xx+x=
00k w(o ............. (5) 
are the factor k will be chosen so that k W(t) in volts is numerically equal 
some representative ground acceleration a (t) in ft per sec 2 . 
The actual velocity A in feet per second is given by the computer volts X 
itiplied by V/100, the acceleration by X Vw /100 and the displacement by 
T/lOOw. 
Ideally, a probability distribution should be given to the size and duration 
:he earthquake as well as to its configuration. However, with the available 
)rmation, this cannot be done satisfactorily. The available records of large 
thquakes show that their duration was generally of the order of 20 sec to 
sec. A duration of 25 sec has been selected here as representative of large 
thquakes. 
For various values of period T and damping A, twenty separate bursts of 
te noise of 25 sec duration were fed into the circuit. The system was re-
to zero after every burst. Each burst of noise gives a different value of 
maximum velocity acquired by the oscillator. 
The maximum value of x during each burst of noise is the required spec-
m for that particular burst of noise. The mean of the maximum velocity of 
twenty runs was taken in each case. This gives the variation of the mean 
dmum velocity for bursts of white noise as a function of period and damp- 
However, this mean still contains the scaling factor k, and the value 
an to k will determine the size of the earthquake being represented. This 
iation is shown by the circles in Fig. 1. The factor k was chosen so that 
scales matched at an arbitrary point viz., T = 3.0 and A = 0.20. With this 
ue of k the position of the other points was determined. It is seen that the 
iation of the mean spectra of the noise with both period and damping is 
y similar to Housner's common average earthquake spectra. The scales 
id have been matched at any other point but the value of k would not be 
y different. 
From this it appears that "white" ground accelerations are a suitable 
resentation of earthquakes. Further, by choosing the scales so that the 
an-noise results fit the averaged spectra of the largest earthquake re-
ded, we arrive at some kind of a definition of a standard large earthquake. 
ividual bursts of noise will give results above or below the average just as 
actual spectrum of El Centro fluctuates above and below the smooth curves 
rig. 1. 
rhe spectral density of the noise source used was approximately 2. go  volt2/ 
and the factor k came to 0.51. Thus a large earthquake may be repre-
ted by ground accelerations which are "white" in character and have a 
ctral density of 0.75 ft 2/sec4/cps. 
Fig. 2 shows a schematic diagram of the computer, where circles are po-
:iometers, triangles are summers, and double-based triangles are inte-
tors. 
E LASTO-PLASTIC STRUCTURE 
:t is interesting to compare the effect of white noise and an actual earth- 
ke on a non-linear system. The most important type of non-linearity that 
April, 1960 
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FIG. 2.-COMPUTER DIAGRAM FOR LINEAR DAMPENED OSCILLATOR. 
FIG. 3.-ELASTO-PLASTIC CHARACTERISTIC. 
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ill occur in a structure during severe ground motion will be plastic yielding. 
1g. 3 shows the assumed relation between restoring force F and displace-
rent x. Starting from zero with positive velocity, the restoring force is pro-
rtional to displacement until the yield point A corresponding to a displace-
rent x0 is reached. The restoring force remains constant at this value until 
change in sign of the velocity occurs at some point B. The displacement 
B will be called a yield displacement. The force F now decreases along a 
ne parallel to the elastic part of the characteristic and stays on this line Un-
1 C or perhaps B again is reached. If the velocity stays negative the reverse 
Leld point C is reached and the force stays constant at this opposite value 
Ail the velocity becomes positive again and the characteristic proceeds from 
to E. Areas enclosed by loops represent hysteretic energy loss. 
In a recent paper 7 the writer considers the yield displacements that occur 
hen an oscillator with this yielding stiffness characteristic is subject to the 
40 El Centro earthquake. These yield displacements determined for this 
pecific earthquake are now compared with the yields arising when the same 
ystem is subjected to bursts of "white" ground acceleration of spectral 
nsity 0.75 ft2 /sec 4/cps simulating the standard large earthquake. 
The equations of motion may be derived from a consideration of the 
Lasto-plastic characteristic shown in Fig. 3. There are separate equations 
epending on whether the motion is taking place in the elastic or the plastic 
rt of the characteristic. On the plastic part of the characteristic the re-
trding force is constant and has the sign of the velocity shown by sgn k. On 
ie elastic part of the characteristic the restoring force must be referred to 
re changing zero position caused by the yielding. The equations of motion 
+ 2 wA x + cv2(x - 	 = a(t), Ix -ji I 	x0 .......(6a) 
+ 2 WA + w 2 x0 sgn x = c(t), Ix - p. 1 2~ x0......(6b) 
here p. is the algebraic sum of all previous yield displacements up to the 
me considered and the sign of the yield displacement taken as that of k at 
re time. Thus, in Fig. 3, when working on the linear portion D E, the value 
p. is A B - C D. 
It will be more convenient now if the yield point is specified in terms of 
luivalent acceleration rather than the displacement x0. Let G be the equiva-
nt fraction of gravity and then 
W2 x0 = G g ...................(7) 
S is the expected maximum value of x, and X is the scaled computer varia-
Le corresponding to x, then the scaled equations become: 
0.51 W(t) 100 
tX - UI 
w2 S 
100 G g 	0.51 W(t) 100 
X+2AX+ 	2 	sgnX= 	 ,IX - UI 	
X0 ...(8b) 
W2  
7 Earthquake Yield Spectra,' by G. N. Bycroft, M. J. Murphy and K. E. Brown, 
roceedings, ASCE, October, 1959. 
April, 1960 	 EM 
where the ground acceleration has been replaced by the representative noisc  
voltage 0.51 W(t). 
These equations were simulated on the computer by the circuit diagrai 
shown in Fig. 4. The stiffness characteristic is provided by the diode-limitc 
integrator. As increases initially the output of the integrator is -x unt 
limited by the diode. If X continues positive the voltage Output stays at thi 
constant value. However, if X changes sign, the integrator starts subtractin 
a linearly-increasing quantity and thus provides the term (X-U) until limite 
in the opposite direction. 
The output to the recorder is the total displacement of the oscillator fro] 
its initial zero at any time. This displacement consists of the elastic dis 
placement x0 added to the algebraic sum of all previous yield displacements 
The maximum value of the algebraic sum of the yield displacements will h 
called the maximum yield displacement and is the maximum recorder outpt 





FIG. 4.—COMPUTER DIAGRAM FOR ELASTO-PLASTIC OSCILLATOR. 
value G, the mean of the maximum yield displacements arising was deter 
mined when the system was subjected to ten runs of 25 sec duration. Fig. 5 to 
13 show this mean maximum yield displacement together with the elastic dis 
placement x. An addition of the two gives the mean maximum total displace 
ment. The full lines are from the paper mentioned earlier and refer to th 
1940 El Centro earthquake. The results from the white noise are shown a 
circles. 
These results show a remarkable similarity. It is to be remembered tha 
the representative level of the noise was determined from the linear case 
and using this value, it is seen that the noise gives similar results as an actua 
earthquake in this non-linear system. 
The double-peaked shape appearing in the cases shown in Figs. 8 and 9 i 
also reproduced by the noise and thus must be an essential function of the sys 
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LEGEND 
- EL CENTRO 1940 
/xo 








2 	3 	4 	5 	6 	7 	8 
PERIOD T (SECONDS) 
0  
0 o 
FIG. 6.—MAXIMUM YIELD DISPLACEMENTS G = 0.06, X = 0.10. 
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FIG. 7.-MAXIMUM YIELD DISPLACEMENTS G = 0.06,A = 0.20. 
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FIG. 11.—MAXIMUM YIELD DISPLACEMENTS G = 0.24,A = 0.03. 
FIG. 12.—MAXIMUM YIELD DISPLACEMENTS G = 0.24,X = 0.10. 
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iese figures, of course, compare the mean of the maxima of ten runs of 
ise with the maximum of one specific earthquake. Ideally, the comparison 
ould be with the average of several earthquakes of equal spectral density. 
Lch burst of noise is of the same energy level but gives a different value of 
ximum yield lying above or below the averaged values shown. Presumably 
e individual burst of noise could be found which would correspond to this one 
rticular earthquake considered. 
The probability distribution of the maximum yield was determined in three 
ses from one hundred runs of noise. These are shown in Figs. 14 to 16, and 
Dw reasonable probabilities of individual bursts of noise giving values of up 
0 	02 04 06 08 09 10 	12 
PERIOD T(SECONDS) 
FIG. 13.—MAXIMUM YIELD DISPLACEMENTS G = 0.24,A = 0.20. 
four times the average. This easily accommodates the differences shown 
ween the average noise values and the one particular earthquake considered. 
CONCLUSIONS 
White noise" appears to be a reasonable simulation of earthquake excita-
i for engineering design purposes. The technique of simulating a complex 
icture on an analog computer and feeding it with bursts of noise having an 
rgy level representative of a large earthquake is a straight forward method 
Lnalyzing a structure and of assigning probabilities to the various displace-
its. Using this technique it will be possible to simulate multi-story struc-
s deflecting in bending and shear and incorporating yield characteristics. 
rhe probability values given in Figs. 14 to 16 illustrate an important point. 
h burst of noise is of the same energy level but the resulting displace-
its for individual shots can differ by factors of 10 and more. Thus two 
thquakes of the same content energy or magnitude but of different configu-
ons may have vastly different effects on any particular structure. Also, 
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FIG. 14.—PROBABILITY DISTRIBUTION OF MAXIMUM 
YIELD DISPLACEMENTS G0.12, A 0,10, T=0.75. 
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FIG. 15.—PROBABILITY DISTRIBUTION OF MAXIMUM YIELD DISPLACEMENTS 
G=0.12, X 0.03, T=2.5. 
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FIG. 16.—PROBABILITY DISTRIBUTION OF MAXIMUM 
YIELD DISPLACEMENTS G=0.24, A 0.10, T =0.20. 
one particular earthquake may seriously affect a structure with a certain 
of parameters but have little effect on another one. This may well be part 
the explanation of the inconsistencies noted in seismic damage. 
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ANALOGUE COMPUTER TECHNIQUES IN ASEISMIC DESIGN 
by 
G. N. Bycroft* 
Aseismic design is handicapped by a lack of statistical knowledge of 
earthquakes and the difficulty of analyzing the response of a complex frame 
to these irregular forcing functions. Structures subject to earthquake 
motion present a complex picture of linear and non-linear vibration. An 
explicit solution in terms of the participation factors of the modes and 
spectrum of the earthquake is useful when considering linear vibrations of 
the structure but the introduction of non-lineari ties such as friction and 
plastic yielding make this approach untenable. The general complexity of 
both linear and non-linear cases has led to the simulation of structures 
by various mechanical and electrical models. These models are highly 
idealized and, in general, simulate only the major motions of the structure 
such as shearing, bending, and rocking of the structure on its base. Me-
chanical modelling(l) produces satisfactory results but suffers from com-
plexity and lack of versatility. Further, it is difficult to apply to a me-
chanical model, which is necessarily not small, a prescribed forcing. 
function as complicated as that of an earthquake. On the other hand this 
method has the advantage that the structure may be more faithfully modelled 
than by other means. 	Electrical models of various types(2, 3,4, 5, 6) have 
been made and have the advantage that their parameters may be readily 
changed over large ranges and measurements recorded by convenient 
instruments. 
(a) Earthquake Representation 
The obvious and direct method of earthquake representation is to 
reproduce the actual accelerograms of a number of large earthquakes, for 
example those given by Housner et al(4). The usual technique is to scan, the 
accelerograms with some form of optical-photocell arrangement, thus ob-
taining an electrical equivalent of the original disturbance. This may be 
used as a source of excitation for an electrical or mechanical simulation of 
a building structure. As the relevant frequencies of the original disturbance 
are too low for suitable electrical operation it is necessary to decrease the 
time scale of the disturbance by a large factor and increase the characteris-
tic frequencies of the simulated structure by a corresponding factor. De-
pending on the system used, it may be convenient to study a family of struc-
tures by varying either of these factors. 
* Research Officer, Division of Building Research, National Research 
Council, Ottawa, Canada 
AM 
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Any one earthquake is characterized by its particular shape and also 
its " size " and duration. Earthquakes of the same energy content but dif-
ferent configurations may have completely different effects on different 
structures. As each earthquake bears little relation to its predecessors 
one is faced with the question of deciding how to represent future earth-
quakes. If enough records of strong motion earthquakes were available 
for each locality the situation could be given a sound statistical basis. 
Unfortunately, this is not the case. Housner(7,8) first conceived the idea 
of representing strong motion earthquakes by a random assemblage of 
acceleration impulses. This was a most important step in the conception 
of the true nature of a large earthquake. But the complete description of 
a random process is very difficult, if not impossible, and requires far more 
statistical knowledge of strong motion earthquakes than is available. If one 
regards earthquake accelograms of equal "size" as being finite bursts of a 
stationary gaussian random process then it is necessary to determine the 
power spectral density of such a source in order to make it correspond to 
what is known of the response spectra of typical earthquakes. In a recent 
paper(9) the author used an analogue computer to construct the conventional 
damped velocity spectra of bursts of electrical noise having a power spectral 
density that was constant over the relevant frequency range, i.e. "band-
limited white noise". Figure 1 shows-the mean of the maximum velocities 
occurring in a damped oscillator during successive bursts of acceleration of 
duration twenty-five seconds and spectral density 0.78 ft 2/sec 4/cycle, for 
various periods and damping coefficients,'R 
Also shown are Housner's(lO) averaged earthquake spectra with the 
scale chosen to correspond to that of El Centro 1940. The correspondence. 
is reasonable. As far as mean maximum responses are concerned bursts 
of random noise appear to be a suitable representation of typical large 
earthquakes. On this basis the "size" of the earthquake is determined by 
the spectral density and duration. Thus successive bursts of equal duration 
give equal earthquakes although they differ somewhat in configuration and 
hence in their effect on any particular structure. The objective here is 
to provide a representation of a particular "size" of earthquake, viz El 
Centro 1940. The distribution of relative "sizes", in any one locality, is - 
another question. Depending on the band width of the noise used this repre- 
sentation permits higher peak accelerations corresponding to higher frequencies 
than is observed on accelograrns. Where the band width., should be limited 
could only be determined by seismograph instrumentation having a higher 
frequency response together with a comparison of corresponding spectral 
analyses. 
As "white noise" generators are readily available this representation 
is particularly suitable for the excitation of electrical models. 
(b) Simulation of Structures by Passive Networks 
The construction of electrical circuits obeying the same laws as those 
of a mechanical system is a technique used often in engineering analysis and 
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lso used on many occasions in aseisrnic design of structures. Within 
certain limitations electric networks have reciprocals and there is the 
possibility of two analogous networks for the one mechanical system. 
The mechanical equations are the summation of forces and these may have 
their analogy in the summation of voltages in one circuit or the summation 
of loop currents in the reciprocal circuit. In the one, force is represented 
by voltage and in the other by currents. 
As an example of the voltage-force analogy one may consider a damped 
single degree of freedom oscillator having an idealized elasto-plastic stiff-
ness characteristic. This is a fundamental unit of a structure vibrating into 
the plastic region. The restoring force is assumed proportional to displace-
ment tip to the yield point and then stays constant until the velocity changes 
sign. The force displacement characteristic now decreases along a line 
parallel to the initial linear portion until the reverse yield point is reached. 
Let 
= mass of the oscillator, 




/m) = angular ,  frequency 'of the system, 
= viscousamping coefficient, 
X 	displacement of the mass relative to the base, 
= displacement- at which the system yields, 
- 	n = r = yield force, 
= ground acceleration, 
then the equation of motion of the oscillator is 
*ot)}+J =. _A(x—Y), (x—Y) 	0 (I) 
=  
where Y is the algebraic sum of all yield displacements up to the time 
in question. 
Consider the circuit shown in Fig. 2. The condenser diode branch 
behaves as a condenser as long as the applied voltage is less than the 
biasing voltage E.. If an attempt is made to raise the voltage above the 
biasing voltage current flows through one or other of the diodes. A loop 
analysis of the circuit gives, 
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L(Q)+ 	
—e) 
C. 	 C 	
() 
= 	 (e) >E 
where and Q are the charges corresponding to the loop currents L I 
and e is the algebraic sum of the charges which have flowed in the diode 
branch -of the circuit up to the time considered. Equations (1) and (2) are 
analogous and if L is made proportional to m, R to I , )/r to J, F to F 
and 	to o. )then the charge will be proportional to the displacement 
X . The requirement that 6 be proportional to 4t) is that the current 
input I be proportional to the velocity of the ground motion. 
Analog Computer Simulation 
Another method of simulating the mechanical equations is to assemble 
a circuit of integrators and summers in such a fashion that the voltage rela-
tions are analogous to the relations of some particular variable in the me-
chanical system. The advantage of an analogue computer is that the neces-
sary components are already organized in a fashion which enables any par-
ticular circuit to be readily assembled. Further, non-linear components, 
scanning devices, noise generators, and plotting facilities are generally 
provided. The main disadvantage ;is that one is limited, in general, to 
one dimension in space. This technique will be illustrated by a rather 
special problem in aseisxnic design. 	 - 
Nuclear Pile Subject to Earthquake Motion 
The design of nuclear power stations in seismic areas introduces 
some rather special problems to earthquake engineering. One of these 
problems concerns a graphite moderated nuclear pile subject to earthquake 
ground motion. 
Basically, the situation is that of a cylindrical stack of graphite blocks 
with control rods inserted vertically. The special feature is that the rela-
tive horizontal movements of the blocks during an earthquake must not be 
permitted to become large enough to jam the control rods. It has been 
suggested that the blocks be restrained by an encircling metal cylinder. 
It is of interest therefore to estimate the size of these relative displace-
ments for various thicknesses of this cylinder when subjected to a large 
earthquake of the"size"of El Centro 1940. 
As the height and diameter of the cylinder are approximately equal it 
is assumed that only horizontal shear of the surrounding cylinder is signifi-
cant. Lengthening and shortening of the cylinder vertically resulting in 
bending is neglected. It is further assumed that the blocks are stiff enough 
horizontally to prevent any appreciable change in the circular shape of 
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horizontal sections of the pile. Layers of the blocks now move together 
horizontally as a single flat disk. The idealized mechanical system is 
thus a pile of circular disks resting on top of each other. Between any two 
disks there is a friction force obeying the simple fiction laws and also a 
horizontal spring force proportional to the relative displacements of these 
two disks. The top is assumed unrestrained and the bottom of the cylinder 
is rigidly fixed to the ground. The case where the top is also fixed is 
immediately deducible. 
For convenience on the computer a system of five disks and springs 
was set up. The disks are of equal height and weight and the connecting 
points of the shear springs re at the mid-points of their heights. The 
spring stiffnesses are all A except at the base where the stiffness is 
If A is the coefficient of friction, $, is the displacement of the r) 
 0.  disk 
relative to the base and t) is the representative white" ground accelera-
tion of 	seconds duration, then 
= 	— 	 ~ 
for the bottom disk, 
m 	ki 	 A 
+ (s-n7X 
	
—  (6- n) 	,i 
for the middle disks, and, 
P?1 is, = t7i W(,t) 	(- ) - 	 (i-) 
for the top disk. 
For the lower harmonics, 
( 	
) and 	 ) 	
will always have same sign and we 
may simplify Equation (4) to, 
where W 	 , i.e. , the angular frequency of one of the masses on one 
of the springs. 
These equations were suitably scaled and simulated on the computer. 
Figure 3 shows the circuit for the n cell. Y, refers to the scaled 
computer variable corresponding to I . The circuit is shown in the 
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0 
normal diagrammatical -fashion where circles are potentiometers, tri-
angles are summers, and double-based triangles are integrators. The 
relative displacements (Yh - 	were recorded simultaneously on a 
recorder. For each value of W and A , ten runs of 25 seconds duration 
were made; the mean of the maximum relative displacements of each of 
these ten runs is shown in Figs. 4, 5. These figures show the actual 
relative displacement in inches of (-t) . It must be remembered 
that 	is at a point one-tenth of the height of the pile from the base but 
that the other points differ by a distance one-fifth of the pile height. This 
is because 4 is the displacement at the mid-point of the ,*h1 disk. There 
will be many more than five blocks in an actual pile height but a simple 
interpolation of these results should give a reasonable figure. -. Figure 6 
shows the largest displacement of the top relative to the base that could 
occur if all the blocks moved in the same direction. . This is merely the 
summation of all the maxima of the relative displacements. 
The results show the trends that are to be expected. Naturally, 
increasing the stiffness of the system decreases the displacements as 
does a higher coefficient of friction. In a few cases one hundred runs were 
made in order to find the statistical distribution of the results. The dis-
persion was found to be comparatively small and in the many runs made the. 
largest of the maxima was never greater than twice the mean. 
The value of W in terms of the pile dimensions may be simply 
derived. 
Let 
-f = radius of the cylinder (ft) 
= height of the cylinder, (ft) 
= density of the graphite (lb/cu ft) 
5 = modulus of rigidity of the cylinder (lb/sq It) 
= thickness of cylinder (It) 
It may be shown that for five cells, 
= 0rct  
The shear stress S in the cylinder is given by 
s.c 	 () 
If we assume as rough dimensions 
3O 
,0 /LO 
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then, 	W 	 () 
As Xt ranges from 0.01 to 0. 25, W ranges approximately from 50 to 250. 
Because of the nature of the non-linearity in this example it will be 
more sensitive to higher frequency components in the noise than would a 
linear situation. As a wide band of noise was used the resulting displace-
ments must be qualified accordingly. 
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EFFECT OF STIFFNESS TAPER IN ASEISMIC DESIGN 
By G. N. BYCROF1' 
ABSTRACT 
An investigation is made of the effect of changing the stiffness distribution up the height of a 
linear shear framed structure when subjected to idealized earthquake motions. The mean value 
of the largest strains arising in successive earthquakes is determined together with the asso-
ciated probability distribution. It appears that the chances of finding a strain value greater 
than twice the mean are very small. 
INTRODUCTION 
FRAMED structures subjected to horizontal ground motions deform mainly by 
bending of the vertical columns producing horizontal translation of the floors and 
hence a shearing deformation of the structure. In a pinjointed frame the shear 
forces come from direct tension and compression of the cross-ties. The vibration of 
the structure is compounded of the individual vibrations of the modes of oscillation 
of the structure and is a function of the ground motion, the mass and stiffness 
distributions up the structure and the damping ratios of the modes. 
This investigation is concerned with examining the effect of changing the shear 
stiffness up the height of the structure. 
Various assumptions have been made. The mass distribution up the structure 
has been taken as constant. This is approximately true for a number of structures. 
The damping ratios of the modes of oscillation of the structure have been made 
equal to conform with what little is known about structural damping. In another 
paper' the author suggested that large earthquake ground accelerations be repre-
sented by finite bursts of "white noise". This is the type of representation considered 
here. Initially, for the purposes of a little analysis, the mass and stiffness distribu-
tion are taken as continuous up the structure and the stiffness variation assumed is 
linear with respect to height. 
ANALYSIS 
1 = height of structure 
x = distance from top of the - structure to some point down its height. 
y = horizontal displacement of this point from its equilibrium position 
relative to the base 
X = mass per unit height of the structure 
k0 = shear stiffness at the top 
k0( 1 + px/l) = shear stiffness at a distance x from the top and is the assumed 
variation of stiffness. 
Each value of the parameter p determines a particular family of structures. 
yo = displacement of the ground in space. 
Manuscript received for publication March 11, 1960. 
This is a contribution from the Division of Building Research, National Research Coun-
cil of Canada and is published with the approval of the Director of the Division. 
'"White noise representation of earthquakes", G. N. Bycroft, Proc. A.S.C.E., 86 (EM-2): 
1-16 (1960). 
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The equation of motion of this system follows simply as, 
P i + PX/ 1 ) LY] = 	2 y + a 
2  yol 	 (1) 
If we substitute X/gko = a2 , ( 1 + px/l) = X, y + Yo = Y, then 
/ 	2 a ay) 	a2 t a2  Y 	 (2) 
3X'\ ax p2 at2 
A Laplace transformation of this expression with respect to time gives, 
X 
a2? + a? _'a 
2t2p2Y - 	 ( 3) 
ax2 ax 
where V is the transform of V in the transform variable p. 
Substitute z = 	and 
	
a2? + _Z
- 4a212p2Y - 	 (4) 
az2 	ôz 	p2 
This is the zero order Bessel equation and the solution is, 
V = 
 
Ajo 	 Vf+Px/t) + BY (2 
alip Vi + Px/l) 	(5) 
The relevant boundary conditions are that when x = 1, y = 0, i.e., ?= 9o; At 
the top the shear force is zero, i.e., when x = 0, 
axaxax 
The transformed displacement is now 
YO 1j, (2 aliP) y0 (2 alip v'i + PX/l) -y1 (2 ali) 0( w.,,11 + pxii)] 
[ (2 aliP) 
0 
 (2 alip vTT) - V1 
(2 aliP) 
0 
 (2 atip 
 P 	P 	 P N/1 + P) 
(6) 
where go has been replaced by j o/p', i.e. the transform of the base acceleration. 
The roots of the denominator of this expression give the eigenvalues of the sys-
tem. These roots, p.,, are imaginary and ip., is real. If p is a root, then so is p. , . 
This may be shown by using 
0 	
J,,(zi2") = i2mPJp(z) 	 (7) 
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and 
Y(Zj2 m) = ç2PnPy,,() + 2i sin (mplr) ctg (pir)J(z) 	(8) 
and taking the appropriate values of p, m, and the limits. 
Equation (6) is inverted by a combination of the inversion and convolution 
theorems. 
The residue from the double pole p = 0 is zero. The residues from the poles 
±n are found by differentiation of the denominator and introduction of the 
poles. The function really wanted is not the displacement V but the strain, 
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Fig. 1. Variation of Fundamental Frequency Factor X 1 , with Parameter p. 
After the necessary reduction this follows, as, 
p[J1(X) Y1(Xv'1 + px/t) 
yo(r) sin p'(t - r) dr 	(9) 
Cly 
OX - n1 (1 + 	 - 
— 	 - Y1(X)J1(X/i + ) fl 
where Pn' = 'Pn and X, = 2alp'/p and is a function solely of p. The relation of 
X1 and p is shown in fig. 1. When X is large, as for the higher harmonics, the 
Bessel functions in the characteristic equation may be replaced by their asymptotic 
values and then, 
xn- - _________ 
540 	
BULLETIN OF THE SEISMOLOGICAL SOCIETY OF AMERICA 
Equation (9) is the summation of the responses of the various modes of the sys-
tem. The ground motion occurs only in the factor 
- f tlJo(r) 	 r sin p'(t - r) d 
Pn 0 
and the maximum value of this expression is the "displacement spectrum" of the 
earthquake. If the nth mode of vibration is damped by a factor qn 
of critical damp-
ing then the above undamped spectrum is replaced by the damped one, 
1 '' 
j;: J0 iio(r) 
_0n1,s_T) sin p'(t - r) dr 
The coefficients in front of the integrals give the "participation factors" of the 
modes. Equation (9) could be used to calculate the strains arising for any particular 
earthquake acceleration go(t). This would be extremely tedious and not especially profitable unless carried out 
for a large number of earthquakes. The alternative, discussed in reference 1, is to 
regard earthquakes as bursts of random accelerations of constant spectral density, 
i.e. "white". A suitable measure of the relative size of the vibration up the structure 
is the r.m.s. value and this may be obtained from known properties of random 
vibrations. The following analysis determines the r.m.s. value of the strain when 
g0
(t) is a continuous white noise acceleration of spectral density So. 
If g(t) is replaced by ettDt 
in equation (9) the complex frequency response of the 
strain follows as 
	





 (1 + px/I)u2lvnh(1 - 	
+ i2q l 





[J,(X )Y, 	 (11) 
[J0(X) Y 0(X 
- /i (J1(X)Y,(1V1+P) Y,(X)J,(Xv'iT)fl 
The root mean square strain is given by 
112 
W 112 [So  H(w) (12) ;)i  
If the common mode damping ratio q is not large and the frequencies of the 
modes are reasonably separated, as is the case here, the cross terms arising in 
may be neglected. A contour integration then determines the root mean 
square strain as, 
{ (32hI2 	 p2A 	 (13) 
- 	 = 
[~o
(1 + px/1)12p 
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If we wish to compare the r.m.s. strains in structures having the same distributed 
mass and the same base stiffness but different stiffness taper p then equation (13) 
may be written as 
2 1/2 	1/2 1/2 3/4 
= q112 g314 K314 
SK(P, xli) 	 (14) 
where K = k0 ( 1 + p) and is the common base stiffness, and 
r 	2/ 	$12 11/2 c Al+pj 
SK 
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Fig. 2. Strain Factor SK (p, xli). 
If we wish to compare structures having the same mass distribution and same 
fundamental period T1 then equation (13) is written as 
2 1/2 	1/2 	3/2 
• 	 = q1128r312i 






Sjr(p, xli) 	 (17) 
These two functions have been calculated and are shown in figures 2 and 3. As 
would be expected a uniform structure, given by p = 0, suffers the greatest strain 
-00 
I5 
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at the base. As the stiffness is tapered off, more strain is thrown on to the upper 
regions of the structure. For a completely tapered structure given by p = a 
whipping effect occurs at the top and the strain here becomes unbounded. Fig. 2 
shows that structures having the same mass and base stiffness experience approxi-
mately the same base strain no matter how the stiffness tapers off. Further, the 
variation of. strain up the structure is not critically dependent on the parameter p 
except towards the top. The value p = 3.0 gives approximately equal strain over 
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Fig. 3. Strain Factor Sr (p, x/i). 
Of interest is the variation of the r.m.s. shear force up the structure. For struc-
tures with a common' base stiffness this is given by 
 'Il 	S 1 l2 1112 	J("(i + px/l)SK(p, xli) 
(1 + px/i)ko
dayxy~  = 	 q"2 g314 (1 + ) (18) 
The non-dimensional r.m.s. shear force may then be defined as 
= (1 + px/1) SK(p, xii) 	 •' 	 (19) 
(l+) 
This factor is shown in fig. 4 and it is seen that changing the stiffness taper up 
the structure over the full range of p = 0 to p = does not have a great effect on 
the shear forces arising. 
A suitable design will depend on what permissible strains are allowed in the 
structure and on the relation of strength of the structure to the shear forces arising. 
The former criterion depends largely on the permissible deformation that the 
structure's cladding will stand without damage and will largely be a constant value 
up the height of the structure. The latter criterion depends on the relation of the 
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stiffness at any height to the strength there. This depends on the type of construc-
tion. In a pin-jointed structure with the same geometrical configuration of ties up 
its height the strength will be proportional to the stiffness. If the strength is denoted 
by D and the base strength by A, then, 
(1  
D = D6 + px/l) 
	 (20) 
(1+) 
This has been plotted as the dashed lines in fig. 4 where the base strength has 
been made equal to the base shear force arising. In this situation a uniform structure 
p = 0 is very much overdesigned and a completely tapered structure p = co is 
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Fig. 4. Shear Force Factor Px (p, xii) and Strength D (p, xli). 
underdesigned. When p = 3, the shear forces and the strength are fairly closely the 
same except in the top 10 % of the height. As p = 3 also makes the strain largely 
constant up the height, this may be regarded as a suitable design for these circum- 
stances. 
The probability distribution of instantaneous values of strain and shear force is 
Gaussian and has the associated well-known properties. 
Although the r.m.s. values of stress and strain arising when the structure is sub- 
jected to a continuous white noise excitation is a useful means of comparing the 
relative sizes of the vibration at different points of the structure, it does not provide 
all the information required. 
In a linearly elastic system failure will depend on exceeding some particular value 
of stress or strain. 
Earthquakes are of finite duration and what is really wanted is a measure of the 
largest stress or strain that arises during successive bursts of the white noise excita- 
tion corresponding to successive earthquakes together with the associated prob- 
ability distribution. To the best of the author's knowledge, there is no analysis 
U. 
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available which determines these features. In order to examine this aspect of the 
problem the situation was simulated on an analog computer. 
MEAN VALUE AND PROBABILITY DISTRIBUTION OF LARGEST VALUES 
Single Degree of Freedom.—Consider first the single degree of freedom case. The 
integral 	 cos p(t - r) dr gives the instantaneous velocity and the 
integral sin p(t - r) dr the instantaneous displacement of the 
damped oscillator when subjected to an acceleration Wm (r). The largest values of 
these integrals are known as the damped velocity and displacement spectra of the 
particular excitation Wm( r). If Wm( r) is a series of random acceleration excitations 
of the same duration and same spectral density ("white noise") but, of course, 
4C - - 
3.-- 	 -- - 
3C - - - - --- --- -- - 	 -- - - 
C, 
ek 1.5 	 q . 0. 10-~' 	LEE 
PERIOD T SECONDS 
Fig. 5. Velocity Spectra, So = 0.75 ft2/sec 4/cp8 and of 25 seconds Duration. 
different configurations, the largest values of velocity and displacement occurring 
during the passage of the particular excitation will all be different. It is the mean 
value and the probability distribution of these largest values that we are interested 
in. A simple damped oscillator was simulated on an analog computer and fed with a 
white noise source. - 
The mean largest velocity OYm/3t occurring during each of a number of bursts of 
excitation was determined and is shown in fig. 5 as a function of period for three 
values of damping ratio q. It is the close similarity of these damped spectra to 
Housner's averaged earthquake spectra 2 that is the justification for this repre-
sentation. The particular size shown corresponds to the mean value of the spectrum 
of the earthquake at El Centro 1940 and this is given by an acceleration spectral 
density of 0.75 ft2/sec4/c.p.s. and a duration of 25 seconds. 
It is to be expected that the probability distributions of the largest displacement 
I/rn or velocity äyrn/ôt are functions of period and damping. This is indeed the case 
"Limit Design of Structures to Withstand Earthquakes" G. W. Housner, Proc. 1st World 

















Fig. 6. Probability Distribution, T = 0.20. 
STIFFNESS TAPER IN ASEISMIC DESIGN 	 545 
04 	0:6 	08 	1.0 	12 -- 	14 	
16 	18 	20 
Fig. 7. Probability Distribution, T = 3.0. 
but the effect of changing these parameters over ranges relevant in this investigation 
is found to be small. This is shown in figs. 6 and 7 for 5 %, 10%, 20 % damping and 
for two periods T = 0.2 and T = 3.0. The probability curves for periods between 
these values were found to lie between the two probability sets shown. These 
curves were constructed from 100 runs and show the probability P(ym > ry,,,) 
i.e. of the largest displacement or velocity in any one burst being r times greater 
than the mean largest. It is seen that the effect of changing damping and period 
over the relevant range shown is small and also the chances of even finding a value 
twice the mean is very small. Zero damping, however, shows a much greater disper-
sion of maxima. 
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Multi-degree of Freedom Case.—This investigation was extended to the multi-
degree of freedom case. A lumped system of five stories was simulated on the com-
puter. The masses of the floors were made equal and the variation with height of 
the stiffness between floors made linear, i.e. if k,, is the shear stiffness between the 
nth and (n - 1)th floors then, - 
kn = (1 + p3ko 
where x is measured from the top of the structure to the midpoint between the nth 
and (n - 1)th floors. 
In a previous paper' the author shows that by introducing viscous damping both 
in the relative motion of one floor to the next and in the relative motion of the 
floor to the base it is possible to approximately realize equal damping of the modes. 
This is used in the following simulation. Let 
Wn = angular frequency of nth mass referred to stiffness k,,, 
	
lin = displacement of nth mass relative to the base, 	 22 R = damping ratio relative to the mass below, 
r = damping ratio relative to base, 
then, the equation of motion of the nth mass is, 
fin + W,,2(/,, - 	- 	- y ,, ) + 2w,,R(,, 	
(23) 
- 2w,,+1R(fi,,+1 - i) + 2w,,rc,, = Wm(t) 
This may be scaled to give 
. 	100 Wm(t) 	WF1 rr 	 i 	iv 	,n-1) 	o Wni +11 n+1 	LnJ 1 n w 28 tün2 
(24) 
- (2R !?!± + 2R + 2r' 1k,, + 2R —' 
\ 	tO,, 	 / 	 tO,, 
Figure 8 shows the computer circuit for the nth cell satisfying equation (24). As 
in the single degree of freedom case, bursts of acceleration Wm(t) of equal spectral 
density and of 25 seconds duration were fed into this circuit for various values of 
p, T and q and the mean largest relative displacement between stories 
(yrn,n - yrn,n—i) determined. Any particular value of p determines a family of struc-
tures having particular mode shapes and ratios of mode frequencies which are 
independent of T and q. It would seem likely that the variation of (lIm. - 
would have a similar variation with p as shown in figure 3 and its variation with T 
and q would be similar to the single degree of freedom case shown in figure 5. In 
order to show that this is largely true the results are presented as the ratio of the 
mean largest relative displacement to the mean largest displacement of a single 
"Yield Displacements in Multistory: A8eismic Design", G. N. Bycroft, Butt. Seism. Soc. 
Am., 50: 441-453 (1960). 
-------------- V 
Fig. 8. Analog Computer Diagram of Nth Story. 
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Fig. 9. Ratio of Multi-story to Single-story Strain, p = 0. 
oscillator of the same period and damping as the fundamental period of the multi 
degree of freedom case. The mean largest displacement Z?m  of the single oscillator 
is closely given by (T/27r)[&ym/ät] from figure 5. The ratio (Ym,n - ym,n_i)/Ym 15 
shown in figures 9, 10, 11 for various periods, damping and values of p. On the 
same graph is shown the corresponding ratio of r.m.s. values. The r.m.s. displace-
ment of a single oscillator is given by, 
cciI2mBI2 
11 	 25 
" ' — q" 2 8r12 
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Fig. 11. Ratio of Multi-story to Single-story Strain, p = 10. - 
and consequently it is seen from equation (16) that the required r.m.s. ratio for a 
five storied structure is given by 
1 [ 6)18,\2 	1 	S(p, xli) 	 (2 
)5 
 
It is seen from the graphs that these ratios are similar for the range of parameters 
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applicable to all damping ratios and ratios of duration of the excitation to period 
of the structure. By using the results of figures 3 and 5, it is thus possible to obtain 
the average relevant displacements and strains in a structure of this type. Figure 5, 
of course, refers to a particular size and duration of earthquake but may be immedi- 
I•0 
•6 	8 	10 	12 	14 	16 	18 	20 
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Fig. 13. Multi-story Probability Distribution, T = 1.0, p = 0, q = 0.10. 
ately scaled to any other size. Figures 9, 10, 11 refer to a five storied structure but 
may be interpolated for other number of stories. 
As in the single degree of freedom case, the associated probability distribution of 
largest values was determined and is shown in figures 12, 13, 14, 15, 16 for various 
parameters. 
Only the top and bottom floors are shown, the rest having similar distributions. 
These distributions are similar to each other and to the single degree of freedom 
case in that the dispersion is small and the chances of finding an amplitude greater 
[(Ym,u) >m,u11 
[(im 	Ym,4) ) 'Ym,s 
--- -- 
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Fig. 16. Multi-story Probability Distribution, T = 0.5, p = 10, q = 0.10. 
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ban 1 times the average is small. The chances of finding an amplitude twice the 
verage appear negligible. 
DESIGN 0 VALUES 
Finally, the mean largest equivalent static design acceleration value may be esti-
nated. Referred to the mass above the section under consideration and expressed 
s a fraction of gravity, this may be shown to be 
- 	87r(1 + px11)1S(p,x/1) /3y m\ 
xgX i2p2 T 1 	¼ot) 	 (27) 
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Fig. 17. Mean Equivalent Static Acceleration, j. 
These are mean largest values and should be increased by a factor of 1.5 to 2.0 to 
illow for the probability distribution. As is usually found in a linear analysis, these 
ralues are bigger than those specified by building codes. 
The fact that the smaller values used in practice are satisfactory is due to several 
auses. The size of the earthquake represented by figure 5 is a large one, and will 
ccur infrequently. Safety factors introduced are also part of the explanation. But 
)robably the greatest safety factor comes from plastic yielding of the materials. 
lost materials may safely yield a few times every fifty or more years without 
'ailure. The large hysteretic dissipation of energy involved is probably the main 
actor which keeps the vibrations within safe limits. 
CONCLUSIONS 
:1) Tapering off the stiffness up the height of a structus e does not have a great 
ffect on the shear forces arising. It has considerable effect, however, on the resulting 
;trains. A suitable design will depend on the relation of the strength to the stiffness 
)f the structure and on the permissible strains which can be tolerated. 
(2) For the particular type of structure considered the variation of the mean 
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largest stress and strain with period and damping is approximately the same in the 
multi-degree of freedom case as in the single degree of freedom case. Also the varia-
tion of mean largest stress and strain with parameter p is similar to the variation 
of r.m.s. stress and strain. Thus by use of Figures 3 and 5 mean design strains and 
stresses may be evaluated. The probability of finding a value twice the mean 
largest is very small. 
(3) It appears that this general method should apply equally well to other 
structural systems having well separated mode frequencies. 
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YIELD DISPLACEMENTS IN MULTISTORY ASEISMIC DESIGN 
By G. N. BYCROVr 
ABSTRACT 
This paper investigates the plastic displacements occurring when certain types of elastoplastic 
multistory shear structures are subjected to large earthquakes. It is directed toward finding a 
variation of the horizontal stiffness and strength up the structure in order to minimize yield dis-
placements and distribute them over the structure. The analysis has been made on an analog com-
puter using a white noise source to simulate the earthquake disturbance. 
INTRODUCTION 
IT IS NOW generally believed that structures designed in accordance with normal 
seismic codes must yield slightly during severe earthquakes. The large dissipation 
of energy involved appears to be the factor that keeps the motion within safe limits. 
This paper is one of a series of related studies' of the response of elastic and elasto-
plastic structures to earthquakes. 
The first of these papers considers the yield displacements occurring when a 
damped, single degree of freedom, elastoplastic structure is subjected to one par-
ticular earthquake, viz., El Centro, 1940. The second paper shows that a random ex-
citation appears as a suitable simulation of an earthquake, and in particular sug-
gests that a "standard large earthquake" be represented by random ground accelera-
tions which are "white" in nature, of duration half a minute, and having a spectral 
density of 1.0 ft2/sec 4/cps. The technique of using a white noise source in conjunc-
tion with an analog computer is here used to determine the yield displacements in a 
multistory elastoplastic structure when subjected to the "standard large earth-
quake," and is directed toward finding a variation of the stiffness which will mini-
mize and distribute yield displacements. 
The structure considered here is a multistory framed structure deflecting only in 
shearing between the floors. The shearing rigidity is assumed to have an idealized 
elastoplastic characteristic, i.e., the hysteresis loop is a parallelogram. Viscous 
damping between floors and also relative to the base is introduced artificially in 
order to make the damping ratio of the various modes of vibration approximately 
equal. This conforms with what little is known about damping in buildings. 
A large number of parameters are involved, and in order to keep the size of the 
investigation within tolerable limits many simplifications must be introduced. For 
convenience on the computer, a five-story structure has been analyzed. Simple 
interpolation will give a good picture of what happens with a greater or smaller 
number of stories. The masses of the floors are taken as equal. This will be approxi-
mately true for a number of buildings. Further simplifications will be mentioned 
as they arise. 
Manuscript received for publication November 10, 1959. 
This is a contribution from the Division of Building Research, National Research Council, 
Canada, and is published with the approval of the Director of the Division. 
1G. N. Bycroft, M. J. Murphy, and K. J. Brown, "Earthquake Yield Spectra," Proc. A.S.C.E., 
Vol. 85, No. EM4 (October, 1959), pp.  43-64, and G. N. Bycroft, "White Noise Representation 
of Earthquakes," Proc. A.S.C.E., Vol. 86, No. EM2 (April, 1960), pp.  1-16. 
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Fig. 1. Analog computer diagram of n-th story. 
FORMULATION OF THE PROBLEM 
W(t) = the "white" ground acceleration representative of a "standard large 
earthquake." 
Xn 	= horizontal displacement of the n-th floor relative to the base. 
rn = mass of each floor. 
kn 	= the linear stiffness between the n-th and (n - 1)-th floors. 
Yn = the relative displacement of the n-th floor to the (n - 1) -th floor at 
which yield just occurs. 
Un 	= the algebraic sum at any instant of all the previous yield displace- 
ments of the n-th floor relative to the (n - 1)-th floor. The signs of 
the yield displacements are those of their velocities. 
en 	= damping coefficient between the n-th and (n - 1)-th floors. 
Cn = damping coefficient of the n-th floor relative to the base. 
The equations of motion are, 
[kn+l.yn+i
k+1 (x+ -- u, +1), xn+i - Xn - Un+jI
m=mW(t)+ 
	sgn 4fl+1 -. ±), x+ - 	Un+1 	Yn+i 
(1) 
[k (x - x,_i - us), jx - x,_i - u,I 
kn Yn sgn (± - ±_), x - x_i - u 
+ e +1  (+ I - 	- On (± 	 - 
The boundaries are satisfied by making x 0 = 0 and x6  = x5. 
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This equation may be simplified by putting 
(2) 
i. e., the angular frequency of the n-th story separately. 
G. = knyn/mg 	 (3) 
i.e., the fraction of gravity at which the n-th floor, considered separately, yields. 
R = C/2wm, 	r = C/2com 	 (4) 
i.e., the damping ratio of each floor referred to the stiffness below it is assumed 
equal. The equation of motion is now 
rGn 
 (x - x,_1 - us), x - Zn_i - Un 	Yn 
a n + 
	g sgn (±n - 1.— 1), I2n - Zn_i - Un 	Yn 
 
	
(Xn+i - x, - u~ ), IZn+i - Zn - Un+iI 	Yn+i 
rGn++ll g sgu (±n+i - in), lXn+i - Zn - + I I 	Yn+1 
+ 2nR(±n - ±n_1) - 2c'., +1 R(±+1 - ±) + 2rwn±n = W(t) 
The computer variables are limited to 100 volts. If S is the maximum displace-
ment expected, X. the computer variable corresponding to x,,, Yn to yn, and U. to 
un, then the scaled equation is 
100 W(t) 2Rw1 
. 	
2Rw_1 	
- (2R ±! + 2R + 2r) j n + 2 fl 	 W, Wn 
[(Xn+ i - Xn - U + 1), JXn+i - X. - Un+iJ 	Yn+ i 
2 
+ 
Con + j 
T
[ 
2 s sgn (+i - ), IXn+i - Xn - Un+i Y+ni] 
1 Gn+i 
 
r(X - Xn.1 - Un), IXn - Xni - UnJ 	Yn 
[
Gg100 
2  5 sgn (Xn Jn_i), JXn - Xn_i UnI 
Figure 1 shows the computer diagram satisfying this equation. The elastoplastic 
characteristic is provided by the diode limited integrators. 
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Fig. 4. Interstory yield displacements p = 0, X = 0.10. 
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STIFFNESS AND STRENGTH VARIATION 
As has already been mentioned, the large number of parameters and the many 
possible combinations of them necessitate the consideration of some special cases. In 
general the relationship between the stiffness kn and the strength or yield value G. 
will be a complicated one depending on the nature of the structure. The assumption 
made here is that the variation of G up the height of the building will be propor-
tional to that of the stiffness. This will be true for pin-jointed structures having the 
same geometrical configuration of cross-ties up the height. In order to determine 
the effect of changing the stiffness up the structure it is necessary to assume some 
type of variation. The simplest possible variation is a linear one and this has been 
taken here. In particular, if Z. is the position of the point midway between the n-th 
and (n - 1)-tb floors, measured from the top of the structure, and h is the total 
height, then 
k a(1 + pt,/h) 	 (7) 
G. a(1 + pz/h) 	 (8) 
The parameter p determines the stiffness and strength variation with height. This 
investigation is concerned with finding, if possible, a suitable value of p. 
DAMPING 
Very little is known about the damping of structures. The few measurements made 
on actual structures suggest that the damping ratios of the various modes of vibra-
tion are approximately equal and vary between 0.05 and 0.20. 
Viscous damping is the easiest type to simulate. If only viscous damping between 
the floors were considered, it would be found that the damping of the modes is pro-
portional to the frequency of these modes. The higher modes would thus be much 
more heavily damped than the fundamental. If viscous damping relative to the base 
only were considered, the damping of the modes would decrease with frequency. A 
combination of the two forms allows equal damping ratios of the modes to be ap-
proximately realized. 
If 
Tm = the period of the rn-th mode of vibration, 
Xm = the damping ratio of the rn-tb mode, 
Xm. n = the maximum deflection of the n-th floor when vibrating in the rn-tb 
mode, 
it may be shown that 
5 
R/r 	Wn(Xmn - Xm,n_i) 2 + 	W 
21r 	
n4  
] XM 	 n=1 	 nI (9) 
(R + r) = 	
[ 
r 	
'] T. (R/r + 1) -n (Xm,n - Xm,n_i  
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Fig. 6. Interstory yield displacements p = 10, X = 0.10. 
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Fig. 7. Interstory yield displacements p = 10, X = 0.20. 
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For any particular configuration of stiffness k and hence co. in the structure, the 
periods of the various modes and their shapes were found experimentally by exciting 
the system with an oscillator at the mode resonances. Figure 2 shows equation (9) 
plotted as a function of the ratio R/r for one particular configuration of stiffness 
denoted by p = 1.5. It is noticed that if R/r is chosen to be 2.5, say, then the damp-
ing ratio of the first three modes is approximately the same, although the fourth 
and fifth are higher. As the lower harmonics are the only ones that really matter, 
this situation was regarded as satisfactory. For each arrangement of stiffness-
variation considered, a set of curves similar to figure 2 was constructed and a suit-
able ratio R/r decided on. Equation (9) then determines R to give any required 
mode damping ratio Xm. 	
RESULTS 
The family of structures considered has various fundamental periods, mode damp-
ing ratios, and values of the parameter p. The parameter p determines a particular 
stiffness configuration and fixes the ratios between the periods of the harmonics. 
Figure 3 shows the ratio of period of the m-th mode to the period of the bottom 
story, itself, as a function of p. All members of the family have been given the same 
base yield value of G = 0.5. The factor G1 is with reference to the mass of the 
bottom floor only. This means that, with respect to the total mass of the structure, 
all the members have the same base yield acceleration of 0.1 g. This is a value 
commonly used in aseismic design. Actually, because safety factors are always in-
troduced, it will mean that this set of structures would have been designed at the 
base to 0.05 to 0.07 g, but, because of the implicit safety factors, yield at 0.1 g. 
The yield values at other points in the structure are then determined by equation 
(8). The maximum yield displacement between stories has been measured. This is 
defined as the maximum relative displacement measured from the initial zero posi-
tion minus the elastic part of the displacement. Since each burst of noise gives a 
different result in a statistical fashion, the average of the maximum yield displace-
ments taken over ten runs is shown. In the case p = 3.0 the average of twenty runs 
was taken. 
Figure 4 shows a completely uniform structure, p = 0. The average maximum 
yield displacements are plotted against the fundamental period of the building Ti . 
The elastic part of the displacement, which has the same value at each floor, is also 
shown. Addition of the elastic and plastic parts gives the total maximum relative 
displacement between floors. Naturally, in this case, most of the yielding takes place 
at the base and the actual values of the base yield are large. 
A building designed so that the stiffness and strength taper off quickly toward the 
top is given by p = 10 and is shown in figures 5, 6, and 7 for three different damping 
ratios. 
A whipping effect occurs, causing the major yield to be at the top, and again the 
values are large. Figure 5 shows the actual points obtained from an average of ten 
bursts of noise. The smooth curves only are drawn for the other cases. 
It is required to find a design between these extremes which will minimize and 
distribute the yield displacements more evenly. 
It may be shown, both analytically and by simulation on a computer, that in a 
structure subject to the same assumptions made here, except that it is linearly 
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Fig. 8. Interstory yield displacements p = 1.5, X = 0.05. 
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Fig. 9. Interstory yield displacements p = 1.5, X = 0.10. 
elastic, equal strain up the structure is obtained approximately when p has values 
between 1.5 and 3.0. This result is largely independent of period, damping, and the 
number of stories. Furthermore, the value of p is not critical. Unfortunately, the 
elastoplastic case is much more complicated. Not only is a simple linear variation 
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Fig. 10. Interstory yield displacements p = 1.5, X = 0.20. 
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Fig. 11. Interstory yield displacements p = 3.0, X = 0.05. 
base yield value. Yield displacements for several different values of p were measured. 
These results showed that the displacements in the elastoplastic case depend more 
critically on the stiffness variation up the structure than in the elastic case. This is 
not surprising. Figures 8, 9, and 10 show the case p = 1.5. The difference in the yield 
displacements is large. 
Most buildings will have fundamental periods less than 1.5 sec. In this period 
range and with the simple variation assumed it was found that the best general 
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Fig. 12. Interstory yield displacements p = 3.0, X = 0.10. 
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Fig. 14. Ratio of plastic to elastic strain p = 3.0, X = 0.10. 
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value for the elastoplastic case is given by p = 3.0. Figures 11, 12, and 13 show this 
situation. Depending on the damping and fundamental period, certain floors are 
under- or overdesigned. When X = 0.20 the design is very reasonable except for the 
top floor, which is overdesigned. When X = 0.05 and 0.10, the third and fourth 
floors are underdesigned. 
The seismic design of an elastoplastic structure will depend on the amount of 
relative displacement that may be permitted between floors as well as the amount of 
plastic deformation the materials may safely endure. The former is limited by the 
amount of distortion that the structure's cladding can stand without damage and 
3.5 
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Fig. 15. Comparison of elastic and elastoplastic 
cases p = 3.0, X = 0.10. 
will be largely constant up the height of the structure. The latter is a rather difficult 
problem in the fatigue of materials. It will depend on the ratio of the plastic to the 
elastic strain. This ratio for p 3.0 and X = 0.10 is shown in figure 14. The longer 
the period the better, but this is limited by the permissible relative displacements. 
Figure 15 compares the average maximum total relative displacement in the 
elastoplastic and elastic cases for p = 3.0 and X = 0.10. The elastic case was simu-
lated on the computer by removing the bias on the integrators. In order to avoid 
confusion on the graph the first three floors of the elastic case are shown. The inter-
esting point is that here the total relative displacements are closely the same in the 
two cases. Housner 2 assumed this in some work on the limit design of structures. A 
probability curve of the maximum total relative displacements was constructed 
from two hundred runs and is shown in figure 16. 
2 G. W. Housner, "Limit Design of Structures to Resist Earthquakes," Proceedings, First World 
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Fig. 16. Probability distribution of maximum total relative displacements p = 3.0, X = 0.10. 
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CONCLUSIONS 
It appears that structures designed in accordance with existing codes must undergo 
plastic deformation during severe earthquakes. It should be the object of aseismic 
design to minimize and distribute these yield displacements over the entire struc-
ture. The achievement of an optimum design, however, is found to be very compli-
cated. The relative displacements depend more critically on the stiffness and 
strength configuration than in the completely linear case. Thus, any particukr 
design may be comparatively weak at some point in its height although adequate 
elsewhere. 
Any particular proposed design could be analyzed in this fashion in order to de-
termine weak points, but generalized conclusions are difficult. For the much simpli-
fied family of structures considered here a linear variation denoted by p = 3.0 
roughly approximates a suitable design. The probability curves are very similar for 
the different stories and show only a small probability that the maximum total 
relative displacement is greater than twice the mean. 
Bending, bending combined with shear, and rotation of the base of the structure 
could also be simulated on an analog computer. It is suggested that this type of 
analysis could be used to investigate many other aspects of aseismic design. 
A list of all publications of 
the Division of Building Research is 
available and may be obtained from 
the Publications Section, Division of 
Building Research, National Research 
Council, Ottawa, Canada. 
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SURFACE DISPLACEMENTS DUE TO AN UNDERGROUND EXPLOSION 
By G. N. BYCROF1 
ABSTRACT 
A simple solution to the problem of the surface displacements on an elastic half-
space caused by an underground explosion is presented. The analysis is based 
on deriving the transient case for a point source from the steady state point 
source and then proceeding to the case of a finite spherical cavity by means of a 
retarded potential. 
Theoretical values of maximum displacement compare favorably with 
measured values from the underground test shot Rainier, a nuclear explosion of 
Operation Plumbob. 
INTRODUCTION 
The problem of estimating surface displacements of the earth due to underground 
explosions is important, particularly in the case of detection of nuclear testing. The 
earth is not a linearly elastic half-space and close to the source of the explosion a 
large variety of phenomena take place but outside some particular spherical surface 
centered at the origin of the explosion an elastic description of the wave propaga-
tion provides a first approximation. 
This problem has been considered before by Onisko and Shemyakin (1961) and 
by Pinney (1954). The paper by Onisko and Shemyakin is obscure and relies on some 
previous untranslated Russian publications. Despite having acquired translations 
of these references, the author does not find the exposition clear. The results ob-
tained in this paper are derived by a relatively simple analysis and are similar to 
those of Onisko and Shemyakin, except for some details which could well be mis-
prints and an overall factor of two in the formulae. Onisko and Shemyakin take for 
their input a Heaviside function jump in velocity at the point source. This is the 
source considered in this paper. Pinney treats the case of the sudden insertion of a 
small volume in the half-space. Pinney's formulae omit a delta function at the wave 
front and thus are not suitable for generalization to an arbitrary input on a finite-
sized cavity, because the convolution involved necessitates integration of the point 
source response. 
Steady State Solution. The steady state solution for a half space may be obtained 
from the solution to the full space case as follows: 
If R is the radial coordinate from the origin in a full space, c is the dilatational 
wave velocity, w is the angular frequency and A any constant, then a potential which 
satisfies the wave equation with spherical symmetry is given by 
= 	eR 01 
R 
. 	 (1) 
The velocity corresponding to this potential is given by 
877 
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- Ao —i(R/c—g) 	
9 
c9Rät 	 W e 	I ff+(-) 
Equate this velocity to Uiet  on R = R1 and then A = 
we 	
U1 R 12 
[—i ± (wR 1/c)j 
If R 1 tends to zero but U1R 12 kept constant to represent a finite point source the 
potential 0 becomes, 
U1 R 12 
 
iwR 
The boundary conditions on the free surface may now be partly accounted for by 
adding to the above potential another similar potential function symmetric about a 
point a distance 2a from the first center; the shear stress on the plane of symmetry is 
now zero. There is still a normal stress on this plane which will be removed later. 
So far, the boundary condition at the source has made spherical polar coordinates 
convenient for expressing the potential. However, for meeting the boundary con-
ditions on the plane of symmetry a cylindrical system with axis normal to the plane 
is needed. Sommerfeld (1964) has shown that function 0 can be written in.a system 
of cylindrical coordinates (2, z), the axis of which is along the line joining the two 
sources and the origin in the form, 
= 	i R 	{r e2'°2' I12 1z_a I J( k) k dk 2 12 1W 	 0 	 [/2 	WI 
c2 J 	 - 
 
—Ik2—Lo2/2)] lk+a!J(kI.)k cl1c 
+J 	 11/2 
[k2_ 2] 
where z is distance along the axis, and r, radial distance from the axis. Near the plane 
of symmetry z<a,hence I z - aI = a - z, I z + a I = z + a and the expression for 
becomes, 
21 1 / 2 
= 2U1 R2t 	cosh 
{[kI 
- ] z 
	 "
2.







This potential function still gives a normal stress on the plane of symmetry between 
the two point sources and in order to satisfy the boundary conditions of the half 
space an equal and opposite normal stress must he imposed on the plane of sym-
metry. The displacements corresponding to the potential function in equation (5) 
are given by, 
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If X and A are Lamé constants and 
 
r 	az 
The stress a, is then given by, 
aw.  
äz 
For z = 0 this stress is, 
21 
= 2U1 R12 
r 
[2k2 
- 	e 	 Jo (kr)k dk 
21/2 	 (10) 
iW 	0 	 Ik2_] 
in which -y is the ratio of shear to dilatational speed. 
General cylindrically symmetric solutions to the elastic wave equations are known 
(Sezawa, 1929). On the surface z = 0 typical solutions for displacements and stress 
are given by, 
2\1/2 
= 	I Bk icc2 
- Dk (k2 - W) ky2c2 J1( kr )5it  dk 	(11) 





2 2  f Jk (k - 	 Dk y c2 Jo(kr)ct )112 	 dk 	(12) ( 0 	 - 	0)2 	J 
2 
2\1/2 2 22 ( 	
(  
r j 'Bk 	
c2 	
2k2) C 2 	2 (k2 - 	
) 0z 	
ky C fJ
o (1cr)eit dk (13) 
/2J +  0 
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where B,, and Dk are arbitrary functions of the variable k. The functions B,, and D,, 
must be chosen to satisfy the boundary conditions 
0'rz = 0 	 (15) 
o- = o. 	 (16) 
The first condition implies 
21/2 
D,, = 
-2Bk [k2 CO] 
(17) 
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If these values of B 
( 
k) and D (k) are inserted into equations (11) and (12) and the 
resulting displacements subtracted from the displacements given by equations (6) 
and (7), the final displacements, due to steady state point excitation in the half space 
are given by, 
2 \1/2 
/c'flh/ 2a 2 2 
Wr 
= 4U1 Rl2e"t r' 	(k2 	22) 
_ [ 1_(2 	
k w Ji(kr) dk 




- )  
\ ( /c a 




 e' 2')J1f2 kJo (kr) A 
2 	(21) 2W 	0 	22 	 2 	 W 	( 2)1/2 W _4k2(k2_ 
72C2) 
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TRANSIENT SOLUTIONS 
These steady state solutions are now extended to the transient case of a Heaviside 
input of velocity at the point by making use of the Fourier integral theorem. A 
Heaviside function does not have an ordinary Fourier Transform. It is necessary to 
use a generalized Fourier Transform. The generalized Fourier Transform of H(t) 
is 1/iw where w is complex. The inversion integral is then along a line slightly below 
the real axis. If the change of variable A = w/kcy is introduced, the surface displace-
ments W and TV, due to a Heaviside jump in velocity become, 
	
9U1R12E
i~ ( - 2 ) 112 j (k )e_0_72A1/2 dIG
Wr = __. 	dA  Jo {(2 - A 2) 2 - 4(1 - 2A2) 1 / 2 (l - A2)"2} (22) 
U1 R12 	
e2Dt7c dx f 	
(2 - A2 )J (kr)e_d1_7lxl)Il dk 
 E– if wz {(2 - A 2) 2 - 4(1 - 2 A 2)"2 (l - A2)"2} 	(23) zrCy
There is no difficulty about inverting the order of integration. Consider the integral 





- A2 ) 2e_ka_72x2)1/2 dx 
J—j [(2 - A2) 2 - 4(1 - y2A2)" 2 (1 - A2)"2] (24) 
The integrand has branch points at A = ±1 and A = ±l/y. There is a double pole 
at A = 0 and simple poles at A = ±0 where 
(2 - 62)2 - 4(1 - 202 ) 1 / 2 (1 - 02)1/2 = 0. 	 (25) 
Take the integral around the contour shown in Figure 1 and give the radicals the 
consistent set of signs indicated. As the radius of the semicircle tends to infinity it 
may be easily shown that the integral on the semicircle tends to zero. This contour 
integration gives, 
- 	
- 	flH sin (kAtyc) (A2 - 1)1/2(2 - A2)2e_k 	72x')" dx 
= 2i(R 0 + R±e) _ 	
[(2—A 2) 4 - 16(1 - 72A2)(1 - A 2)] 
(26) 
- 	
f (A2 - 1)1/2 cos {ka(-y2A2 - 1)2] sin (kAyc) dA 
[(2 - A2 ) 2 - 4(1 - -y2A2)"2 (1 - A2 ) 1 /2] 
where fl o is the residue at the double pole A = 0 and 	is the sum of the residues at 
A = ±0. The values of the residues are given by, 
- —iIct'ce —k, Ro 	 (27) 
2(1 - y2) 
2i sin (kOt-yc) (1 - 




- b 	_4[2 _o2_7(1 _02)1/2 
	(l—y 2e) 1/  I 
- 	 (1 - y202) 1 /2 (1 - 02)1/2 	 (29) 
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Consider now the next integration with respect to k which occurs in the double 
integral in equation (22). The contribution to this from the third term in equation 
(26) involves an integral 12 given by, 
12 
= f cos [ka(y2X2 - 1)112] sin (kXt7c)J i (kr) cik 
1 f 
= 	{sin k{Xtyc + a(-y2X2 - 1)1121 + sin kXtyc 	(30) 
- a(y2X2 - 1)
112 I}Ji (kr) A. 
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FIG. 1. Path of complex integration. 
If I \tyc ± a(y2X2 - 1)1/2 I > r this integral is zero (Watson, 1922, p.405). The 
above inequality may be easily shown to be true behind the wavefront for the rele-
vant range of the variable X, i.e. l/y to cc. 
Consequently, there remains only the integration with respect to k of the residues 
and the remaining integral in equation (26). 
The second integration of the integral term and the residue term 1,EO in equation 
(26) involve an infinite integral having a sine term, an exponential term and a 
Bessel function. Watson quotes, 
T eJ1(flx) dx 	1[(a2 + 
$2)h12 
- a] 	 (31) 
0 	 (a2 + 2)1I2 
where a may be complex if Real a > I mag. 0 . 
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If a is made complex, the required integral is obtained from the imaginary part of 
the right-hand side of equation (31). 
The second integration of the 1 0 term requires the tabulated integral 
f kJ1 (kr)e 	dk = 	71 	 (32) JO 	 (7-2  -4- a2 ) 1 /2 
If the various terms are assembled, the final expression for the displacement W r  
may be written as 
Wr = U1R12 [T'Vr1 + TTT2  + T'Vr31, 	 (33) 
where 
W 1 = 	
2b,
(34) 
(1 - y2)(r2 + a2) 312 
8(1 - 02)[a(1 - 
_Y 202 ) 112 sin /2 - Ot-yc cos /2] 
W,2 = 	 (33) 
rc-yb0o-112 
8 	(x2 - 1)1/2(2 - X 2) 2[a(1 - y2x 2) 1/2  Sin 01/2 - Xtyc cos 1/21 W 13 = 	 dx (36) 
	
rc','r Ji 	 [(2 - X 2) 4 - 16(1 — -y2X2)(I - X2)]01 112  
4a 2 (1 — =[a 2( 1 _yb02) —0
2
t
2 2c2 + r2 5 2 __ 	 y
202 )02t2 2cj 	 (37) 
= are tan 	2Otyca(l 
- 202 ) 1 / 2 
[a2[1 	y202) - 02t2y20 + r2j 	
(38) 
For or, replace 0 by X in o- . For O.L replace 0 by X in 0. The angles 0 and 01 lie between 
0 and Ir. 
A similar analysis gives the following expressions for vertical displacements 
W. = Ui R[W1 + W2 + W3] 	 (39) 
2at = 
(1 - 72)(a2 + r2)312 	
(40) 
W 2 
 = —4(2 - 02) sin /2 
cyb0o-"2 	
(41) 
16 " (2 - x2)(1 - y 2>,2)1/2 (X2   - 1)1 1 2 Sfl 1/2 dX w23 	
[(2 - X2) 4 - 16(1 - 2x2)(1 - X2)]1'2 	(42) ircy 
The integrals (equations (36) and (42)) are real and proper with finite limits of 
integration and present no problem in evaluation. As they contain only radicals, an 
explicit integration could be made but the work involved does not seem warranted. 
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EXTENSION OF POINT SOURCE TO ARBITRARY FORCING FUNCTION ON A SPHERICAL 
SURFACE 
The results so far have been for the case of a Heaviside jump in velocity on a 
vanishingly small sphere. It is necessary to extend these results to the case of a 
general velocity input on a spherical cavity. It is necessary to find a function F(t) 
such that an input velocity of F(t) at the point source will give a velocity f(t) on a 
radius R 0 where f(t) is the prescribed velocity input on the spherical surface. 
If we are not concerned with what happens after waves are reflected from the 
surface to the spherical cavity and back to the surface again, the situation for the 
half space is the same as that for the full space. For a full space, the equation for the 
potential function is 
(43)• 
3r2 	r ar 	C2 8t2 
A Laplace transformation with respect to time gives 
(44) 
W r 
This equation is satisfied by 
= 	2 e. 	 (45) 
If time is measured from the point source, the function F(t) of velocity at the 
point source must give a velocity f[t - (R u/c)] on the radium R 0 . The transform of 
the velocity on a radius r is given by 
	
a = - wA (w ) e 	
[ 
+ 	 (46) 
and this must equal the transform of F(t) for small r that is 
P(w)R o2 
A(w) = - 	 (47) 
w 
On the radius r = 
u = R02P(w)e°° lw~
i 
 + 	 (48)cRol 
 
and this is to equal the transform of 
f[t - (Ro/c)] = e 0 J(w ) 	 (49) 





The inversion and convolution theorems then give, 
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FIG. 2. Vertical surface displacement due to Rainier source function. 
If w j (r, 1) is the displacement on the surface of the half space due to a Heaviside 
jump in velocity at a point, then the Duhamel integral gives the displacements on 




P'(t - r) w i (r, r) dr 	 (52) 
where 
P(t) = f(t) 	
C C  f f(r) exp - - (t - r) dr, 	(53) 
- o 
and where f(0) = 0. 
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NUMERICAL VALUES 
Typical ground motion resulting from an underground explosion was calculated 
for Shot Rainier, a nuclear event of operation Plumbob. Following Eisler and Chilton 
(1965), the source function U0J(t) on the radius R 0 is an adaption of an actual meas-
urement by Perret (1961) made during Shot Rainier. In this case, the center of sym-
metry was 896 feet below the surface, the imposed source was on a sphere of radius 
R0 = 366 feet and the maximum source speed was 5.8 ft/sec. The radius R 0 is the 
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FIG. 3. Radial displacement due to Rainier source function. 
shows the time dependence assumed. For a Poisson's ratio of 1/4 the computed vertical 
and horizontal displacements are shown in Figures 2 and 3 as a function of the ratio 
P = r/a. The nondimensional time is given iii units of -yct/a and the nondimensional 
displacements in units of U0R 02/ac. These curves were computed from the expres-
sions given in equations (33) to (42) and equations (52) and (53). These curves 
show a fairly rapid rise in surface displacement starting at a time corresponding to 
the arrival of the first direct compressional wave. This initial peak is followed by 
either a simple oscillation or a decay which settles out to the final steady state dis-
placements. When the radial distance of the point of observation equals the depth 
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would be expected. As the radius of the point of observation increases, the horizontal 
displacements become larger than the vertical displacements. 
Figure 4 shows a comparison between actual values of maximum vertical dis-
placement measured on Shot Rainier with the theoretical values. The comparison is 
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FIG. 4. Calculated and observed maximum surface displacement for Shot Rainier. 
CONCLUSIONS 
The analysis shown gives explicit solutions to the surface displacements when a 
Heaviside jump in velocity is imposed on a sphere of zero radius. Simple convolu-
tion formulae allow these results to he extended to the case of a velocity of arbitrary 
shape imposed on a spherical cavity of finite radius up to the time when waves are 
reflected back from the spherical cavity to any point on the surface in question. 
Computed values of the maximum vertical displacements measured during an 
underground nuclear test compare favorably with the theoretical values. 
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FORCED OSCILLATIONS OF NON-LINEAR TWO-DEGREE- 
OF-FREEDOM SYSTEMS 
• 	By G. N. Bycroft* 
This paper shows how the Lighthill—Poincaré perturbation technique may be used to 
determine the transient response of 'lightly coupled' non-linear multi-degree-of-freedom 
oscillatory systems subject to arbitrary forcing functions. The results in general are 
complex but simplify in many important cases. A comparison is made between the analyti- 
cal results and results obtained by a numerical integration of the equations on a computer. 




THE OSCILLATORY SYSTEMS considered are ones in which 
the elastic stiffness characteristic is non-linear. 
The procedure developed is applicable to general non-
linear stiffness characteristics, but the nature of the 
analysis demands that the stiffness characteristic be given 
a specific analytical form. In this paper the spring stiff-
nesses have been expressed as the sum of two terms, one 
of which is proportional to displacement and the other 
proportional to displacement cubed. This is a standard 
and satisfactory description of a softening or hardening 
spring characteristic. 
The equations of motion of any multi-degree-of-freedom 
oscillatory system may be written in terms of space co-
ordinates equal in number to the number of degrees of 
freedom of the system. If the space co-ordinates are chosen 
as the principal co-ordinates of the linear parts of the 
system, then the equations of motion of a dathped two-
degree-of-freedom case, having a cubic term in the stiffness 
characteristic, take the form (I)f: 
+/Lip +p.2q+ w 2p+ €w12 [1 p 3  +m 1 p2q+ n1 pq2 +s1q3] 
=F1 (t) 
+ A 14+ 2P + °2 2 q+ EW 2  [12q 3 +m2q2p+ n2qp2 +s2p9 
= F2(t) 
(1) 
where p, q are space co-ordinates; p.r, /L21 All A2, damping 
coefficients; Wi, W2, angular frequencies of the linear parts 
of the normal modes; 11 , m 1 , n1 , s1 , 123 m 2, n2 , S21  coeffi-
cients depending on the geometry of the system; e, a para- 
The MS. of this paper was first received at the Institution on 24th 
September 1965 and in its revised form, as accepted by the Council 
for publication, on 22nd February 1966.'33 
* Senior Engineering Physicist, Stanford Research Institute, Menlo 
Park, California, U.S.A. 
t References are given in the Appendix. 
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meter proportional to the size of the non-linearity; 
F1(t), F2(t), arbitrary input accelerations; and where 
superscript dots denote time differentiation. 
The coefficients 1, m 1 , etc., are not completely inde-
pendent. Ii may be easily shown from the Lagrange 
expressions for energy that for a conservative system the 
following must be satisfied (z): 
ni 3s, 	m1 	
2 
n2 m 2 3s2 . 	. 	. () 
Such relations automatically arise if the correct equations 
of motion of the system have been written. 
The system is regarded as 'lightly coupled' when- the 
parameter € is 'small'. If the system is undamped and 
linear it is uncoupled, i.e., each principal co-ordinate 
occurs in only one equation. If this is not the case, then 
there is no co-ordinate system in which the co-ordinates 
are uncoupled. Equations (1) are the subject of discussion 
in this paper. 
Because the parameter € is to be small one would expect 
a perturbation procedure to yield useful results. However, 
the normal perturbation approach produces the well-
known difficulty of 'secular terms' among the perturbation 
terms. 
Several years ago Lighthill () discussed a general per-
turbation procedure for certain non-linear physical prob-
lems. The important feature of the method is that the 
convergence is uniformly valid f6r all time. Instead of 
assuming the normal perturbation approach, Lighthill 
suggested the introduction of a third variable, e, and the  
expansion: 
	
X(6) = x0(e)+€x1(e)--€2x2(e)+... 	. (3) 
= e+cu1(e)+€2u2(e)+... . .. (4) 
The functions u(e)  are then chosen, if possible, so as 
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to eliminate secular terms in the functions x(e) leading to 
a solution whose convergence is uniformly valid. 
It is interesting to observe that this important new per-
turbation procedure apparently was never applied to the 
equations of non-linear mechanics until March 1964. 
Ariaratnam (4)  used the method on a single-degree-of-
freedom non-linear oscillator subject to a sinusoidal input 
and starting from rest. The present paper shows how the 
method can be extended to multi-degree-of-freedom sys-
tems excited by general forcing functions. 
FORCED VIBRATIONS IN TWO DEGREES OF 
FREEDOM 
This procedure may be extended to multi-degrees-of-
freedom. The method is illustrated for two degrees of 
freedom. Consider an undamped two-degree-of-freedom 
system starting from the rest position and excited by sine 
wave pulses. The equations of motion are given by 
p+coi2p+ ew1 2 [11p3  +m1p2q+n1pq2 +s1q3] 
= A 1 sin Qt (5) 
4+-2  2 q+ew 22  [12q3  + m2q2p  + n2qp2 +s2p3] 
= A 2 sin Q2t (6) 
Transform these equations by putting 
A 1 sin Q,t 
p = X_ (Q2 . 2)  
A 2 sin Q2t 
(C) 2 	2\  
21) 
The equations of motion are now 
3+ w12x+ €0J1 2 
11{
x 	
A 1 sin Q1tl3 1 
(Q2_w2)J I 
A 1 sinQ1 t 2 1 A 2 sin Q2 t I 
+ml{x (Q 2 _w 2)f Y(Q2 	9 I x 
A 1 sin Q1ti 
I 	(9) 
A2  sin Q2t2I 
+nl{x 
A 2 sin Q2t) 3 I. 
+s1  {y Q22_22)3 j 
= 0. 
j: + 2Y + EW22 
sinQ2t3 1 12{ A2
y (Q22_a,22)J I 
sin Q2t2 I 	-A 1  sin Q1t1 I 
+m2 { 	(QA2 22_v22)J 1X_(Q2 	2)J I X 
A 2 sin Q2t 
(10) 
I 	A 1 sin Q1 t 2 I 
+2 
 {y 
A 1 sin Q1 t 3 
+s2{x (Q2w2)J j 
= 0. 
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Introduce the expansions 
	
X = x0(e)+ex1(e)+€2x2(e)+ 	(11) 
t = e+€u1(e)+€2u2()+ ......(12) 
Y = yo('7)+€yi(1))+E2y2(I7)+ 	(13) 
t = 7)+Evj(-q)+€2v 2(r))+ ..... (14) 
This, of course, means that 6 is a function of of the form 
= +€w1(e)+€2w2(e)+ ..... (15) 
where the functions (e) may be easily found in terms of 
u(e) and v(). The differential equation for the co-
ordinate x is now in the form 
1x0"+Ex1"+. . .] [xo'+Exj'+. . .][eu"+. . .] 
[1+Euj'+ 	]2 - 	 [1+€u1'+. . 
+ (01 2 XO + €W 2Xj + €2W12X2  +. 
+€w1 2 x 
fX 	A 1 sin Q1(e+€u1+.. .)ii (Q12—w12) 	J 
fX 	
A sin Q1(e+€u1+..  2 
+m1 0+EX1+_ 	(Q12—w32) 
I A 2 sin Q2(+€vj+...) 
xPo+€y1+— 	(Q22) 
fx0+ 4ExI 	A i sinQ1 (e+Eu1 +
+fj 	
+_ , 
 - 	 (Q 22) 
I A2sinQ2(fl+Ev1+.. .)]2 X 1Yo+eYi+ 	(Q22—w22) 
~yo+eyi+ 	
A 2 sin Q2(+Evi+.. 
. )]
+Si 	 . 
.- 	 (Q2 2 —w 2 2) 
= 0............ . 	 (16) 
where x = x(e) and y = y(). However, to the first order, 
y(7)=y() 	. 	 . 	 . 	 (17) 
Equate to zero the coefficients of c to the zeroth order and 
first order respectively, i.e., 
xo"+o 1 2x0 -= 0. 	. . . (18) 





xo_(Q2W2)} 1 - 
A 1 sin Q1 	2 A 2  sin Q2e'l I 
+m1  XO_(Q22)} { {Yo_(Q22_J I 










Yo"+W22Y0 = 0 	. . (20) 
The boundary conditions require that 
dpdq 
when t=0 (21) 
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is then 
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 (Q12— w1 2) 	. 	
(22) 
















Where 	p(0) = p(0) = 4(0) = q(0) = 0 
6=0-2 
in the expressions: 
Lq? q3 p+p+ep3+p2q++ç = sin 2t 
+2-25q+2- 25E[q3 +q'p+qP'+q 3 ] = 0 
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Lu 	 q 





oO4- 	 - 
0-6- 	 - 
0-8- 	 - 
P 
1-0 	 - 
0 1 	2 3 45 6.7 	8 9 10 11 12 
TIME, t 
Where 	 (0) = p(0) = (0) = q(0) = 0 
€ =0-4 
in the expressions: 	 - 
i5+p+ep3+p2q+f+ç = sin2t 
+2-25q+2-25e[q 3 +q2p+qp2 +P3] = 0 
Fig. 2. Forced oscillation of the two-degree-of-freedom 
system 
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A, Q, sin w1e 
x0(e) = w1(Q1 2— w1 2) . 	(23) 
and 
A 202 sin W2 
Y0('7) = -2(Q2_-2') . 	(24)  
For convenience put 
A 1 . 








921K1 Sfl tv,e . . 	(27) 
60 j 
Q2K2 sin W271 . 
Yo . 	(28) 
(02 





I 	1 	 I 	 I 
1 2 3 4 	5 6 7 8 9 10 11 
TIME, 
Where - 	 (0) = p(0) = (0) = 0 
q(0)=1 
6 = 01 
in the expressions: 
p+p+€[p' +p'q+p'+q'] = 0 
q +225q +2-25€[q' +q'p +qp' +p'] = 0 
Fig. 3. Free oscillations of a two-degree-of-freedom system 
0-6 - 
COMPUTER 0LUTIONS 	 I 	I 




Where 	 (0) = p(0) = 4(0) = 0 
q(0)=1 
€ = 0-2 
in the expressions: 
p±p+€[p3 +p2q+p2 +q3] = 0 
4+225q+2-25e[q3 +q2p+qp1 +p3] = 0 
Fig. 4. Free oscillations of a two-degree-of-freedom system 
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Insert equations (27) and (28) into equation (19) and ob-
tain, after reducing to multiple angles, 
x1"+a12x1 = —2u1 'w 1 Q1 K1 sin ü 1 +u1 "Q1 K1 cos w 1 
11 K 3 
Q13 sin 	sin 3Wi_Q2w  sin, 
+Qj2wi sin (Q1  + 2W l)e+Ql 2o, l  sin (Q1 —2w 1 )e 
+wj2Qi sin wi_w12Qj sin (w j +2Q1)e 
_4W 2Q sin (w 1 -2Q1)e - 
sin 	sin 301e 
- m 1K1 2K2 
X 
(V2 
[ S22 sin 2 
Q2Q1 2 .Q2 Q1 2 
- 	




sin (w 2 +2Q1 )e— 	sin ('W2-20  1)e 
Q21Q1 
sin (w 2 +wj —Q 1)e 	 - 2 
Q21Q1 
- 2 





sin (w2 — w1 -- Q1)e 
w2(Q1 2 +W1 2) sin Q2+ 	sin (Q2 +2a'1)e 
2 
w2Q1 2 
+ 	sin (Q2 -2w 1)e+ 	sin (Q2 +2Q1)e 
W2W 1 2 
+ 	sin (Q2 -2Q 1 )e 
+ 2 ;'' sin (Q2+ Col — Qj)e 
sin (Q2 —  Col +Q1)e 
2i sin (Q2+w1 +Qi) 2 
w2wjQ1 	- 
sin (Q2 —  Col — Q1)e 2 
n1 W 1 K1 I<22 
W 22 
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- Qi(Q22 +a,2 2) 
Sin w1e 2 
Q1 Q22 	 Q1 Q22 
- 	





sin (w i +2Q2)e— 	sin (col -2 S206 
Q12Q2 
sin (wi+w2 — Q2)e 
2 
- Q12Q2 




sin S2,6+ "1"22  sin (01 +202)e 2 
+(01S222  sin (Q1_2w2)e+w12 sin (Q1 +2Q2)e 
W1W22 




 sin (Qi+w2 — Q2) 
w 1 o,2 Q2 
+ 
2 
 sin (Q1 — w2+Q2)e 
w1w2Q2 
- 2 
w j (v 2 Q2 
2 
sin (Q1 —w 2 —Q 2) 
s1w 1 2K23 
X 
- 3 	 Q2 3 
-4Q23 sin w2e ----  sin 3w2 
_Q22 	Q2 + Q22w2 sin (Q2 +2w2) 
+Q22w2 sin (Q2 -2w 2)e 
+w22Q2 sin w2e—w2Q2 sin (w 2 +2Q2)e - 
_w22Q2 sin (w 2 -2Q2)e 
sin Q2e+ -  sin 3Q2 
(29) 
As will be seen later, this expression simplifies consider-
ably in many important cases. 
If the terms having the angular frequency w are now 
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collected and equated to zero, the following differential 
equation results: 
u1 "921K1 cos w1e -2u1'w1 9?1K1 sin w 1 
[311K13Q13+311K13w12Q1 1 
	
I 	4 1 	2 1 
= sin w1eI 
w w 	
I (30) 
____________________ I 2w2 2 
This equation may be solved formally or by inspection, 
giving 
1311K  1 2 Q1 2  311 K1 2 n1 (Q22  +-2 2 )K2 2   
u1(e)= —L 8w2 + 4 + 	4w22 	je 
 
If, after removal of the secular terms, the terms remain-
ing on the right-hand side of equation (29) are denoted by 
P sin One 
then the solution of equation (29) is given by 
N Pn  sin On 
= A sin w 1 +B cos w+  
n=1 (wj2-0n2) 
where A and B are disposable constants. Insertion of the 
boundary conditions from equation (22) gives 
—A 1 Q1 1311 K1 2 Q1 2 _______ 





] sin w 1 e 4w  
1 	Pçl' 
sin co 
w 1 — On 
+ 	
Pfl 5ffl çtfl 	
(33) 
n=1 
and, to the first perturbation term, the solution for p is: 
A 1 sin 1 t 
(34) (e) = X0(e)+EX1(e) - 	
Q 
(Q1 2 —w1 2) 
and for t is: 
t = +EUi(e) 	. . . (35) 
This solution assumes that the terms On 	. If 
On = w 1 , then further secular terms arise which invalidate 
this method of solution. This situation happens when 
terms such as (Q2 —w 1 —Q 1 ) = w 1 . It also happens 
when w 1 = w 21  the so-called condition of 'internal 
resonance'. 
Corresponding formulae for y0(n) and y1(n) are obtained 
by suitable interchange of the subscripts 1 and 2 in the 
equations for x0(e) and x1(). 
This method can be similarly extended to any number 
of degrees of freedom and for a general input function 
JOURNAL MECHANICAL ENGINEERING SCIENCE 
as discussed later. The results are necessarily very 
complex. 
FREE VIBRATIONS IN TWO DEGREES OF 
FREEDOM 
In the sense that the formulae arising are relatively simple, 
some of the most interesting results are those related to 
free vibration. The case is treated where the modes are 
given specified velocities at specified displacements at 
time zero, which is necessary to investigate the motion 
after the forcing function has ceased to operate. It is also 
important when considering short impulses applied to the 
system, i.e. when the system is set in motion from the 
rest position by imposing velocities on the various 
modes. 
If the boundary conditions in the two-degree-of-freedom 
case are given by 
dp 
P = c1, 	= c20j 1, 	= 0 . . (36) 
V = C3, dq = CW2, n = 0 . . (37) dn 
Then an analysis as in the foregoing gives 
Po = Cl cos w1+c2 sin w1e 	(38 
- q0 = C3 COs w2+C4  Sin OJ271 J 
It so happens that the coefficients of sin cue and cos w1e 
which arise are equal, and consequently u1 (6) has the 
simple non-singular form given by 
[2cl2 	2 	2  a1 21u1 (e) = - 	11 - 8-c2 11 ---c3 --4-c4 j e (39) 
The equation for the first perturbation term is 
p1(e) = Rcasw 1 e+T sin w1 e 
A cos 3w 1 e B sin 3w 1 e 
- 8w 1 2 - 8w 1 2 
+ 
C COS -W26 + D sin W2e 
(w 1 2 - w 22) (w 12 - (022) 
E cos (2w1+w2)e 
+ 
F sin (2wj+w2) 
+[2(2+)2] [wi2_(2w+0J)2] 
G cos (2wi_w2)e+H  sin  (2wi_w2) 
+[2(2)2] [w12—(2w1—w2)21 




K cos (2(02—w1)e 
+_
L sin (2w 2 —w 1)e 
[Col 	[w 1 2 —(2w 2 —w 1 )2] 
M cos 3w2e N sin 3w2e 
(w 12 - 9w 225(w 1 2- 9w 2 2) 
+ Pco5w2e + Q th1 w2 	 (40 
(w 1 2 —w 22) (w 1 2 —w 22) 
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where 
Ic1 3 	3 	\ 
A = —w1211 (_4__c1c22) 
13 	c23\ 
B = —w1211 (c12c2__) 
= — Oil  2mi 




D = —w12m1 
(12C4 + C




3 	c2  2c3 c 1 c2c4 \ 
------------) 
F = — w 1 2m 1 
(~+Cl2c4 c22c4\ 
G = —w12m1 
(12 c3 	c22c3 	c 1 c2c4 
H = —w 1 2m1 (ClC2C3 
_ C12 C4 
_—_--+f) f4 
I = —w 1 2  n1 
( c32 c1 	c4  2c1 c3c4c2\ 
J = —w12fl1 
( c3c4c1 	c32 c2 c4 2c2 \ 
_----+----_—_) 
K = —w 1 2n1 
( c 32c1 	c42c1 	c3c4c2 
—__+ ) 
L = —w 1 2n1 
(cc4c1 	
c3 2  c2 
-----+--- 
c4 2  c2) 
M 	—cv12s1 
( C3 3 	3c3c42\ 
---------) - 
13 	c4 3\ 
N = —w12s1 c32c4___) 
P = COI 2S1 (C33+C3C42) 
Q = — 1 2 1  (~Cj 3+ ~C  3 2  C4) 
The constants of integration R and T are determined by 
putting p(0) = j(0) = 0. The formulae for q() follow 
by suitable interchange of the parameters. 
The motion is seen to consist of a complex sum of 
various combination frequencies whose form strongly de-
pends on the initial conditions. Further perturbations add 
terms of higher frequency content. 
If any of the combination frequencies in equation (40) 
should be close to the frequency w 1 , a condition of 'internal 
resonance' exists. In this situation one mode starts oscil-
lating at frequency co l with increasing amplitude, while 
the other mode oscillates at w 1 but with decreasing ampli-
tude. The amplitude of oscillation of the first mode in-
creases to a maximum value and then decreases while the 
amplitude of the second mode increases. A continual 
interchange of energy thus takes place between the two 
modes. The perturbation analysis used here cannot be 
(41) 
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applied in this case because the terms Pi  and q 1 are given 
as functions of Po  and q0 . Consequently, if the conditions 
are such that internal resonance takes place, the terms Pi 
and q1 dominate, and the perturbation procedure fails. 
For a two-degree-of-freedom system the ratios between 
the linear periods to be avoided are seen to be: 1, 3, 1. 
When the next perturbation is written, it is seen that 
second-order internal resonance will occur if the ratios of 
w 1 and w 2 are close to the values 2, -, 5, -. However, the 
magnitude of second-order internal resonance is an order 
smaller and this, together with the effect of damping, 
makes the higher-order resonances of much less import-
ance. 
A good discussion of free vibrations when the situation 
of internal resonance exists is given by Gilchrist (2). 
EXCITATION BY A GENERAL FORCING 
FUNCTION 
The case of a general forcing function may be treated by 
expressing the input 'as a Fourier sine series in the form: 
F(t) 
=
a,, sin nQt . . . (42) 
It is convenient but not necessary to take Q corresponding 
to the duration T of the transient input, i.e. 
T= 	. .... (43) 
The solution is then correct as long as t < T. When t be-
comes greater than T, the much simpler formulae for free 
vibration are used employing as initial conditions the 
values of displacement and velocity when t = T. The use 
of only sine terms in the Fourier series is no restriction if 
we are considering a transient pulse. 
The analysis may be carried through as before using the 
general forcing function given by equation (42). However, 
further secular terms arise in the differential equation for 
the perturbation terms. In the case of one-degree-of-
freedom these secular terms arise from products of the 
form 





The portion in brackets contains a constant term and 
consequently provides a further secular term. 
COMPARISON OF THE ANALYTICAL AND 
NUMERICAL VALUES 
A computer programme using the Adam's predictor-
corrector method and a Runge-Kutta technique for start-
ing was written in order to compare the, approximate 
analytical values with accurate numerical values. The 
following examples were chosen: 
(1) Forced oscillations of an undamped two-degree-
of-freedom system 
Consider an undamped two-degree-of-freedom system 
started from the rest position by applying a sinusoidal ex- 
citation to one of the modes. Because the modes are 
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coupled by the non-linear terms, the second mode will also 
start to oscillate. The following arbitrary values are chosen 
in order to demonstrate an example. 
Example 1 
Let w 1 = 1 1  w2 = 15, 921 = 20, A 1 = 10, A 2 = 0 
11 	1, m 1 = 1, n1 = 3 3 s1 = 
12 = 1 1  m 2 = 1, n2 = 1 1  S2 = 1 	- 
Then u1(e) = _, x0() = sin e, 
t= (1-i) eand 
x 1 = — 00127 sin —00834 sin 2-0002 31 sin 3 
+00074 sin 4-00023 sin 5e+00003 sin 6 
The final expression for the response p is 
sin 2t 
P = sin 
Also 
v 1(q)=--'q, yo(')=O 
y1 (j) = 0807 sin 15 706 sin —0321 sin 2 
—00062 sin 3+0018 sin 400055 sin 517  
+00006 sin 677  
• 	q = €y(q) 
t = +ev1(r) 
The response is seen to be a sum of terms of various 
frequencies and amplitudes. In Figs 1 and 2 (p. 254) values 
of the displacements p and q given by these formulae 
for two values of e are compared with values from the 
computer programmes. The correspondence is reasonable, 
and naturally is better for the smaller value of E. 
(2) Free oscillations of a two-degree-of-freedom 
system 
The example chosen is the case in which the p co-ordinate 
is given a static displacement and released. The q co-
ordinate starts to oscillate because of the coupling terms. 
Example 2 	 - 
Let w 1 = 10, w 2 = 15, 11 = m 1 = ni = S1 = 1, é1 = 1 3  
c=c3 =c4 =0 
Then q = e [-1.35 cos +l266 cos 15+00835 cos 37] 
and 	 t=(1_)i 
The results obtained by ,these formulae are compared 
with those from the computer programthe -in Figs 3, 4 
(p. 254) and 5. 
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SOLUTIONS 
I 	 I 	I 	I 	I 	 I 
o i 	2 3 4 5 6 7 8 9 10 11 12 
TIME, t 
Where 	 i(o) = p(0) = (0) = 0 
q(0) = 1 
604 
in the expressions: 
+p +e[p' +p'q +pq 2 +q3] = 0 
+225q+225E[q3 +q2p+qp2 +p3] = 0 
Fig. 5. Free oscillations of a two-degree-of-freedom system 
up to a maximum and decays again. The motion thereafter 
is repetitive in this case because of the simple relationship 
between the frequencies w 1 and w 2 . In general this is not 
the case. - 
INTRODUCTION OF DAMPING 
Small damping may be introduced by this method but 
results are exceedingly complex except in the simplest of 
cases. 
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Impacting Oscillatory Devices 
G. N. BYCROFT 
Mathematical Sciences L)epartinent, Stanford Research Institute, jlienlo Park, California 94025 
An analysis is made of an oscillatory device consisting of two rods, one of which is driven at a certain fre-
quency and one end of which impacts one end of the second rod. This is a particular case of a family of 
oscillators in which impacts between portions of the system are fundamental to their operation. The condi-
tions under which oscillations can occur is discussed. Subharmonic oscillations may be generated, and conse-
quently such devices may be used as simple mechanical frequency dividers. The qualitative behavior of such 
a device was checked experimentally and was found to be as predicted by the theory. 
INTRODUCTION 
RECENTLY, H. D. Crane of Stanford Research Institute suggested that certain oscillatory devices 
incorporating impacting surfaces may have interesting 
and useful characteristics. These devices consist of 
oscillatory systems composed of piezoelectric crystals 
or magnetostrictive materials that are coupled in 
various ways by common impacting surfaces. The basic 
ideas entailed in such an impacting system and some 
of the potential uses of such devices are discussed by 
Crane.' 
The objective of the study reported here is a quanti-
tative investigation of the general behavior of such 
impacting devices. We begin with an analysis of the 
case of two rods impacting longitudinally on their 
ends. One of the rods is driven by a suitable oscillatory 
source, and the other rod is set in motion by the impacts 
taking place between the two rods. If the rods are 
tuned to certain frequencies, it is to be expected that 
subharmonics of the forcing frequency will be generated. 
This situation appears plausible if one considers the 
possibility of the impacts occurring at some fraction 
of the forcing frequency. However, the conditions under 
which such motion is possible are not immediately 
apparent. Reported here is the analysis of the two-
impacting-rod case, together with some experimental 
results. The nature of the analysis is general enough to 
be applicable to other impacting oscillatory systems. 
1 H. D. Crane, "Mechanical Impact: A Model for Auditory 
Impact and Excitation," J. Acoust. Soc. Amer. 40, 1147-1159 
(1966). 
I. ANALYSIS 
A. Free—Free Rods 
The most practical boundary conditions are those 
shown in Fig. 1. Rod 2, on the right of Fig. 1, which 
is called the driver rod, is driven by an oscillatory 
force P cos (ll+€) where the phase angle e is, as yet, 
unknown. Rod 1, on the left of Fig. 1, is referred to as 
the driven rod and is impacted by Rod 2. The impacting 
forces between the rods have a constant component, 
and consequently, a steady force Q must be applied 
to the outer ends of both rods to keep them together. 
Steady-state oscillation and small damping in the rods 
are assumed. Let f(s) be the force existing between the 
rods when they are in contact, and let w be the angular 
frequency corresponding to the repetition frequency 
of f(s). Let f(0)=O, and then 
f(0)=rf(2irn/w)o=O, n'='l, 2, 3, •.. 	(1) 
Expand f(s) as a Fourier series in the form: 
f(s) = Q(1+ F. a0 cosneot+ 	b 0 sinnwt). 	(2) 
n=1 
I 	 2 
PCOS(lt, +,) 
it 	 I 	2 	'I 
FIG. 1. Physical configuration. 
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The problem now consists of the steady-state forced 
longitudinal oscillations of two damped rods. The 
lengths 11 and 12 of the two rods are taken as the com-
pressed lengths due to the static force Q. 
Timoshenko2 gives the solution to the forced un-
damped longitudinal vibrations of a long rod subjected 
to an arbitrary forcing function. The effect of small 
damping may be introduced by the addition of an 
exponential term as described in Rayleigh.' The dis-
placements in the driven rod are then given by 
00 	 i3irX1 
	
'1(1 = 	qj' cos—, 	 (3) 







A 1iraiy ii i  J0 	00 
+ 	b,, Sinu1wr 
"1=1 
wral  
X e" (ii - oiI Ii) (3—') sin—(1 — r)dr, (4) 
'1 
and the displacement of the driver rod is given by 
2 = 	qj2 1 ' cos—, 	 (5l 




qi2"= 	 j 	-f- 	b,, 2 sinn2 
A 27ra27 259 1 o 1121 
P 
+— Cos (cl/+e) 
2Q 
i2lra2 
sin—(1— r)dr. (6) 
12 
In these equations, A is the area of respective rod; a, is 
the longitudinal wave velocity in the respective rod; y 
is the density of the respective rod, g is the gravitational 
constant, X, is the damping coefficient of the ith mode, 
1 is the length of the respective rods, x is the distance 
of a point along the rod from the nonimpacting end 
of the rod, u is the displacement in the direction x of 
the point x from the mean position of that point, and 
b is the mean distance between the impacting ends; b 
is unknown initially. Introduce the following parameters 
Ii-4g/Ayair, 	 (7) 
and 
7ra/10 is the fundamental natural frequency 
of the respective rod. (8) 
If the transient terms are neglected, then with some 
algebraic manipulations, the steady-state displace-
merits of the contacting ends of the rods (i.e., x-1) 
are given by 
—H 10 1Q 
111 = 	
2 	ii=i ni=i 	[(i220.2 - n 2w2) 2 -l- 4X• 2j 20 2j 2w2J 
	 (9) 
and 
—H 202Q 00 	 00 a,, 2 cos(n2co/— 'p 2 0 2)+b,, sin (,i / 	32fl2) H 202P 00 	 Cos (1+— cOj,,,) 212 	 —+ 	 , (10) 
2 	121 ,,21 	[(i22022_u22w2)2_I_4Xi22i22O22fl22u2].1 	2 	j31 [(i32022_ 2) 2 _4x i32i 320222]) 
where 
= 2Xi0noi/(i 202 — )12w2) 0 ( SC,,, <lr. 	(11) 
The boundary conditions for the problem are that 
ii1+u2b, 0<1<10, 	 (12) 
where / is the duration of the 1111l)act, a11(l 
Ui+1(2<6, 1 o <1<27r/i. 	 (13) 
Attempts to solve the integral equations arising for 
f(1) proved unsuccessful. The problem could be solved 
2 S. T. Timoshenko, Vibration Problems in Engineering (D. Van 
Nostrand Co., New York, 1937), P. 316. 
J. W. Strutt Lord Rayleigh, Theory of Sound (The Mac-
Millan Co., New York, 1944), p. 131.  
numerically by forming a sufficient number of simul-
taneous equations to calculate enough of the Fourier 
coefficients, a,, and b,,. However, this approach would 
be tedious and would give little insight into the essential 
character of the motion. We can profitably restrict the 
analysis to the immediate main area of interest, which 
is the existence of steady-state oscillation at. or close 
to resonance. This case demands that 
(14) 
where J is an integer or a prime fraction. Then the 
second term in U2  resonates when 
i 302='Jw. 
	 (15) 
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This situation also causes resonance in the terms in the 
first summation of 112 whenever 
i22J2/i32 = 1222 . 	 ( 16) 
As i and it take the values 1, 2, 3, it is seen that we 
have a series of resonant modes and the corresponding 
wave shapes are complex. If 
0 2/01 =k, 	 (17) 
where k is an integer or a prime fraction, it is seen that 
a similar situation exists for the displacement iii. 
The above equations relate to two rods whose 
lengths are great compared to their diameters, where 
the frequencies of the modes go as i= 1, 2, 3, . If 
this is not the case, as in the case of typical quartz 
crystals, the frequencies of the modes have approxi-
mately the ratio M, where  
low damping close to resonance, this term is the only 
significant one. 
If J is a prime fraction, it may similarly be shown 
that, in general, no terms resonate in the first sum-
mation terms in 112. However, if J is an integer, we will 
have a further resonant term in 112  from the term that 
has n2 =J and i2 =i3 . Since we have assumed a device 
with very low dissipation and one that is oscillating 
close to resonance, one term dominates and the motion 
of both rods is now sinusoidal. This means that the 
rods touch for a very short time, i.e., the force between 
the rods may be taken as a series of delta functions. 
The Fourier expansion for the series of 6 functions f(1) 
of natural angular frequency, w, is given by 
f(I)=Q(1+2 	cosnw1). 	(22) 
M= 	 (18) 	Thus, a,=2 and b=0. It is shown later that the 
(1+i2,A27.2r2/412) 	 behavior of the device is very dependent on how close 
to resonance it is operating. Consequently, let us write 
according to Rayleigh, 4 where ,u is the Poisson's ratio 
and r is the radius of the rod. 
The terms of the form (i202 —n 2w 2) in Eqs. 9 and 10 
are now replaced by the term 
ijej 
(23) 
(1 +i12M127r2r12/411 2) 
and 	 - 
r 	201 
L (I +j2p2 7r'r 2/412 ) 2-112,02 
In this situation, it is in general only possible to resonate 
one term in the various summation series at a time. 
Let suppose that the driving force, P, is resonating 
rod No: 2 in the i2th mode. Then we need 
1162 
(1 _I_i 2M227r2r22/4l2l) 
If the driven rod 1 is also in resonance in the i i th mode, 
i02 
(1- 13)Jw, 	(24) 
(1+ j2j2.2r2/4io2) 
where A is a small number. The expressions for the 
displacements are now given by 
III= (—JJ iQ1i in iw)G 11 (i1 ,X1 1) cos( jwl— ç 1 ,,,), 	(25) 
and 
U2 = (- H 2Q/i2Jw)G12 ( 12 ,X ) cos (Jwl - 
+ (H21'/i2 2Jw)G12 ( 2 ,X 12) cos (Jwl+ - çc,,,,), (26) 
where the first term in u2 is made equal to zero if J is 
not an integer, andwhere 





( 1— s) 
(4A2+4X2— 43_  8X2 + &+4X22) 
(27) 
that is, 
02 Ji1  (1+i32 22w2r22/4122) 
(21) 
01 n 1i 3 (1+i12 127r2r12/41i2) 
Only one set of particular values n, i 1 , and i3 will 
satisfy this equation, and consequently only one term 
in the driven rod will resonate; since we are considering 
(2H 1QG11 i 2 sin 2i,n1+ 2H2QG22i 1 sin coj2n ) 
sin(c'i , 3 — ) = 
H2PG 2i 1 
The boundary conditions are given by 
14i -+U2 
When 1=0, 	(28) 
21 1 ' 	U2, 
where the primes denote differentiation with respect 
to I and 
(29) 
—H1QG, 	H2QG1, cos 2 , IJ2PG12 	(2HjQG,i 2 sinç 11 ,+2H2QG42i i  sin cj22) 2 ]4 
cos11— 	 + 	1— 	 (30) 
i ln lw 	 i2Jw 	2 2.Jw L H 22P2G122i 12 
Ref. 5, p. 232. 
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and 
0< (çi3n,)<ir/2. 
The displacements follow as 
u 1 = (—HjQGJiiniw) cos(n i t- 	 (31) 
and 
H,PG, 
= (- H2QG 21i2J) cos (Jwi - ci,n,) + 	I co wE [I- 2 	 (2H,QG 1i, Sifl coijn,+ 2H2QG 1, sin ci2n2) 12Jw (H,PG,i1 ) 2 
+ 
sinJwl[2H1QGIIi2 
Sin c'iini + 2H,QG,ii sin 	I. (32) (H2PG12i 1) 
Only the positive square root is relevant. The 
negative square root refers to the case when the dis-
placement curves touch internally. For the motion to 
exist, two conditions must be satisfied: 
The motion must be real, i.e., sin (,,—)<1. 
i.e., II2PG 2i1> 2H1QG 1i 2 sincI ,, 1+ 2H,QG 2i sin' j2n , 
This requirement actually says that I' does positive 
work on the system. 
The two displacements, u 1 and u,, must coincide 
only at the points 1=2irn/w, i.e., u1+u2<, when 10. 
This is a kinematic requirement and is discussed later 
for a particular case. 
The above equations and requirements provide a 
complete solution. It is seen that the device should 
work for a large combination of the numbers i i, i2, fli 
and J. However, since the damping of the higher 
harmonics becomes large, the device would probably 
be practical only for the smaller values of the above 
numbers. Because of the large numbers of parameters 
involved, it is pointless to pursue the general situation 
further. 
B. Simple Frequency Divider 
Let us consider a simple frequency divider that 
divides the input frequency Q by 2. Let the rods be of 
the same material and diameter and let both be oper-
ating in their fundamental modes. Then we have 
J= 2 = 11 2, 
i=n=1, 	 (33) 
H1 =H2 =H, 
Sill (ca,— ) = 




a=( — IIQGlw) cos 1 — (HQG212(,o) cos4 
11PG2 / 4Q2 (G 1 sin p1+G, sin 
+ 	( 1— 	
G 4w 	 P',' 	
, (3) 
 
where an obvious simplification to the notation has 
been made. It may easily be shown that 
sin q=+2G 
and 	 (36) 
COS c= —(2—)G/(1—). 
Consequently, the first condition for operation becomes 
P/Q ~ (4/G 2) (G 12x 1+G,21\ 2). 	 (37) 
The displacement of the driver may be written as 
2 = (HQG212w)[(1—R cos+R2/4)1 4 
Xcos(2w1—'-- 2), (38) 
where 
tan'=R sin/(R cose-2) 0 (1' (ir, 	(39) 
and 
	
R=P/Q. 	 (40) 
The angle ,' lies in the first or second quadrant, depend-
ing on the appropriate sign of the denominator of 
Eq. 39. The displacement lags the point of impact 1=0 
by the angle (—'+(P2).  This motion is shown in Fig. 2. 
From Fig. 2, it may be seen that the second require-
ment, which says that there must be no interference 
between the two displacements, except at 1= 2lrn/w, is 
fulfilled by 
( — +c2)< 2 c1- 7r. 	 (41) 
Equations 37 and 41, which are requirements of the 
ratio R as a function of X 1 , X 2 , A, , and A 2, define the 
domain of operation of the device. To observe a typical 
domain of operation, let us further simplify the situa-
tion by putting X 1 =X 2 and so that G 1 =G2 and 
~011 = . The domain of operation is now defined by 
P/Q>8XG, 	 (42) 
and 
(43) 
These conditions have been calculated for some 
particular values of X and are shown in Fig. 3. When 
X=0, these curves degenerate to the coordinate axes 
and the device will operate for all positive values of 
and R. 
The lower curve of each intersecting pair is the 
requirement given by Eq. 42. The upper curve of each 
intersecting pair is the requirement given by Eq. 43. 
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Fin. 2. Motion of impacting ends. 
It is seen that the interference requirement makes it 
impossible to operate the device at resonance (X=O), 
i.e., the forcing force P must be infinite. This require-
ment may be also seen from Fig. 2. 
Damping plays a very important part in the opera-
tion. The values of X=0.01 and X=0.05 are very low 
damping values, but their effect on the domain of 
operation of the device is considerable. This is because 
the various phase angles depend strongly on the relative 
values of A and X and also, the energy dissipated in 
the system is directly related to the damping coefficients. 
The change of the phase angle c and the phase angle 
(ç —  ) as a function of A for various values of R and X 
are shown in Fig. 4. The variation of amplitude with 
is shown in Fig. 5. The amplitude of the driven rod 
is independent of P and, hence, for a fixed Q is inde- 
pendent of R. The amplitude of the driver rod, however, 
is strongly dependent on the driving force. Both the 
phase and amplitude curves terminate on the left on 
the edge of the domain of operation. The case chosen 
is the simplest possible, bft the relations given by Eqs. 
42 and 43 are quite complex. It is to be expected that 
more general cases, such as when the device is operating 
in other than its fundamental modes, will have very 
complex domains of operation. 
C. Stability of the Device 
The device is stable under all operating conditions. 
This follows from the fact that the size of the impacts 
depends solely on the force Q holding the rods together, 
i.e., if the impacts become smaller, rigid-body motion of 
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DEVIATION FROM RESONANCE 
the rods takes place and they move together until 
equilibrium is obtained. The motion of the rods them-
selves is that of forced oscillations of linear systems that 
are known to be stable. 
D. Other Boundaries and Geometries 
There are several other boundary conditions possible. 
The case of both the outer ends of the rods being fixed 
is one of them. This case has less practical significance 
LOADING HEAD 
.- RUBBER SPRING 
DRIVER CRYSTAL 
DRIVEN CRYSTAL 
- 	 —BASE 
FIG. 6. Experimental setup. 
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because of the difficulty of actually making a fixed 
boundary at high frequencies. The analysis follows as 
before resulting in similar equations. The only signifi-
cant difference is that the parameter i goes as 1, 3, 5, 7, 
In certain cases, this would be an advantage in 
suppressing unwanted modes. The question of the 
stability of the motion in this case is very complicated. 
A further difficulty is that of initiating the motion 
because the ends in the unexcited case are a finite 
distance apart. This difficulty does not arise in the 
free—free case where force Q keeps the rods together. 
An example of a different geometry is that of two 
beams vibrating transversely and impacting together. 
The nature of the analysis is the same as that demon-
strated in this report. The major difference is that the 
frequencies of the modes do not attain integral values. 
This feature again would be useful in suppressing 
unwanted modes. 
There appears to be no particular reason why a 
string of oscillators consisting of free—free rods impact-
ing longitudinally should not operate. It also seems 
possible that higher modes than the fundamental one 
IMPACTING OSCILLATORY DEVICES 
FIG. 7. Experimental frequency divider. 
(a) Sinusoidal input. Top curve: input 3V, 
193000 cps; bottom curve: output 150\', 
96 500 cps. (b) Distorted input. 
 
(a) 	 (b) 
could be used. In this way, a large frequency division 
could be attained. However, as is seen in the simple 
case of two rods impacting, the domain of operation 
is complicated and consequently one can expect the 
domains of operation of multiple impacting crystals to 
be even more complex. It would be necessary to carry 
out an analysis of the multiple system, determine the 
possible domains of operation, and tune the components 
to frequencies compatible with the domain of operation. 
It should be pointed out that the chances of making 
such a device work experimentally without carrying 
out the appropriate analysis are small because of the 
necessary relations that must exist between the large 
number of parameters. 
II. EXPERIMENTAL WORK 
Figure 6 shows an experimental frequency divider. 
The two barium titanate crystals are held together by 
the screw head that compresses the rubber block and 
exerts a loading Q on the ends of the crystals. A layer 
of chalk dust was used on the outer ends of the 
crystals to provide a 'free" boundary condition. The 
mpacting end of the driver crystal was made slightly 
convex to provide a more definite impacting surface. 
Electrodes were painted on the ends of the crys-
tals, and suitable lead wires were connected. The 
driver crystal was driven from a signal generator 
and power amplifier, and the output from the driven 
crystal was observed on an oscilloscope. The natural 
frequencies of the crystals were approximately 96 500 
and 193 000 cps. Figure 7(a) shows the input and output  
voltages of the device. The output voltage was remark-
ably large. It can he easily deduced from the analysis 
that the output waveform is not dependent on the shape 
of the input waveform. This situation is demonstrated 
in Fig. 7(b). The undistorted sinewave output of the 
device is an adequate verification of the assumption 
used in the analysis that one mode will dominate the 
motion if that mode is close to resonance and the 
damping is low. No quantitative measurements were 
made, but the following qualitative results were noted 
and they coincide with the theoretical results: 
The operation of the device was stable. 
The forcing frequency had to be above the 
natural frequency of the crystals for the device to 
operate. 
Decreasing the driving frequency caused a 
sudden cessation in operation of the device correspond-
ing to the domain of operation shown in Fig. 3. 
Increasing the driving frequency merely caused 
a decrease in amplitude of the output as shown in 
Fig. 5. 
Decreasing the driving voltage again caused a 
sudden cessation in operation. 
Increasing the driving voltage had little effect 
on the size of the output. This again corresponds with 
the theoretical results shown in Figs. 3 and 5. 
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